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PREFACE TO THE SECOND EDITION 


The second edition is essentially a reprint of the first, pre¬ 
pared in response to the demand which still seems to exist 
for copies of the book and in the hope that it will be a use¬ 
ful adjunct to the more modern and extensive books on the 
same subject by my colleagues Lefschetz and Alexander. In 
correcting such errors as have come to attention the original 
text has been changed as little as possible, and the changes 
have not altered the point of view of the original. The chief 
changes are in the definition of oriented circuit, which has 
caused a rearrangement at the beginning of Chapter IV, and 
in the correction of the proof of the invariance of the co¬ 
efficients of torsion in Chapter IV together with the corre¬ 
sponding discussion of the invariants of a group in Chapter V. 

My thanks are due to several colleagues who have sent in 
corrections, particularly to Messrs. Alexander, Lefschetz, Morse, 
Nielsen and Pfeiffer. I owe most of all to Dr. A. B. Brown 
who has done most of the work of reconstructing faulty proofs 
and definitions and incorporating changes in the text in such 
a way as to preserve a self-consistent whole. 

At the suggestion of Professor Lefschetz I am including as 
appendices at the end of the volume a paper on Intersection 
Numbei’s which was written as a part of the original book 
and the paper by Philip Franklin and myself on Matrices 
whose Elements are Integers which was intended for reference 
in this book. 



AUTHOR’S PREFACE 


The Cambridge Colloquium Lectures on Analysis Situs were 
intended as an introduction to the problem of discovering the 
n-dimensional manifolds and characterizing them by means of 
invariants. For the present publication the material of the 
lectures has been thoroughly revised and is presented in 
a more formal way. It thus constitutes something like 
a systematic treatise on the elements of Analysis Situs. The 
author does not/however, imagine that it is in any sense 
a definitive treatment. For the subject is still in such a state 
that the best welcome which can be ofPered to any com¬ 
prehensive treatment is to wish it a speedy obsolescence. 

The definition of a manifold which has been used is that 
which proceeds from the consideration of a generalized poly¬ 
hedron consisting of n-dimensional cells. The relations among 
the cells are described by means of matrices of integers and the 
properties of the manifolds are obtained by operations with the 
matrices. The most important of these matrices were intro¬ 
duced by H. Poincare to whom we owe most of our knowledge 
of ?i-dimensional manifolds* for the cases in which n>2. But 
it is also found convenient to employ certain more elementary 
matrices of incidence whose elements are reduced modulo 2, 
and from which the Poincard matrices can be derived. 

The operations on the matrices lead to combinatorial results 
which are independent of the particular way in which a mani¬ 
fold is divided into cells and therefore lead to theorems of 

Poincare’s work is contained in the following four memoirs: Analysis 
Situs, Journal de I’Ecole Polytechnique, 2d Sen, Vol. 1 (1895); Complement 
ii rAnalysis Situs, Rendiconti del Circolo Matematico di Palermo, Vol. 13 
(1899); Second Complement, Proceedings of the London Mathematical 
Society, Vol 32 (1900); Cinquieme Complement, Rendiconti, Vol. 18 (1904). 
The third and fourth Complements deal with applications to Algebraic 
Geometry, into which we do not go. 
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Analysis Situs. The proof that this is so is based on an 
article by J.W. Alexander in the Transactions of the American 
Mathematical Society, Vol. 16 (1915), p. 148. The continuous 
transformations and the singularities (in the way of over¬ 
lapping, etc.) which are allowed in this proof are completely 
general, so that we are able to avoid the difficulties, foreign 
to Analysis Situs, which beset those treatments of the subject 
which restrict attention to analytic transformations or sin¬ 
gularities. 

It will be seen that, aside from this one question which 
has to be dealt with in order to give significance to the com¬ 
binatorial treatment, we leaver out of consideration all the 
work that has been done on the point-set problems of Ana¬ 
lysis Situs and on its foundation in terms of axioms or 
definitions other than those actually used in the text. We 
have also been obliged by lack of space to leave out all 
reference to the applications. We have not even given 
a definition of an n-cell by means of a set of equations and 
inequalities, or the discussion of orientation by means of the 
signs of determinants. These are to be found in very readable 
form in Poincare’s first paper, where they are given as the 
basis of his work. They belong properly, however, to the 
applications of the subject. For in nearly all cases when 
Poincare (or anyone else) has proved a theorem of Analysis 
Situs, he has been obliged to set up a machinery which is 
equivalent to a set of matrices. 

No attempt has been made to give a complete account of 
the history and literature of the subject. These are covered 
for the period up to 1907 by the article on Analysis Situs 
by Dehn and Heegard in the Encyklopftdie (Vol. IIIj, p.l53); 
and the more important works subsequent to that date which 
bear on our part of the subject are referred to in Chap.V. 
I take pleasure in acknowledging my indebtedness to Professor 
J. W. Alexander who has read the manuscript and made many 
valuable suggestions, and also to Dr. Philip Franklin who has 
helped with the manuscript, the drawings, and the proof-sheets. 

Princeton, May, 1921. 
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CHAPTER I 


LINEAR GRAPHS 
Fundamental Definitions 

1. We shall presuppose a knowledge of some of the elementary 
properties of the real Euclidean space of n dimensions (n < 3 
for the first two chapters). In such a space, the points collinear 
with and between two distinct points constitute a segment or 
one-dimensiondl simplex whose ends or vertices are the given 
points. The ends are not regarded as points of the segment. 
For obvious reasons of symmetry, a single point will be 
referred to as a 0-dimensional simplex, 

2. Consider any set of objects in (1-1) correspondence* 
with the points of a segment and its two ends. The objects 
corresponding to the points of the segment constitute a one¬ 
dimensional cell or l-cell and those corresponding to the ends 
constitute the ends or boundary of the 1-cell. In like manner 
a single object may be referred to as a 0-cell, 

In the cases which are usually considered the objects which 
constitute a cell and its boundary are points of a A-space 
and the correspondence which defines the cell is continuous. 
Consequently a 1-cell is an arc of curve joining two distinct 
points. In the general case, however, it would be meaningless 
to say that the correspondence was continuous, because con¬ 
tinuity implies previously determined order relations, and 
here the order relations of a cell are determined by means 
of the defining correspondence. 

The objects which constitute a cell and its boundary will 
always be referred to as “points” in the following pages. 


* By (1-1) correspondence we mean a correspondence which is one- 
to-one reciprocal; i. e., a (1-1) correspondence between two sets [J] and 
[B] is such that each A corresponds to one and only one B and each B 
is the correspondent of one and only one A. 
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The order relations among any set of points on the cell or 
its boundary are by definition identical with those of the 
corresponding points of the segment and its boundary. Hence, 
in particular, a point P is a limit point of a set of points UY| 
of a cell and its boundary if and only if the corresponding 
point P of the segment is a limit point of the corresponding 
set of points [X] of the segment and its boundary. 

A continuous transformation of a cell and its boundary 
into itself or into another cell and its boundary is now defined 



as a transformation of the cell and its boundaiy which if it 
carries a set [X] to a set [X'] carries every limit point of \X\ 
to a limit point of [X']. 

3. A zero-dimensio7ial complexly a set of distinct 0-cells, finite 
in number. A one-dimensional complex or a linear graph is a zero¬ 
dimensional complex together with a finite number of 1-cells 
bounded by pairs of its 0-cells, such that no two of the 1-cells 
have a point in common and each 0-cell is an end of at least 
one 1-cell. Let us denote the number of 0-cells by and 
the number of 1-cells by aj. The 0-cells are sometimes called 
verticf^ and the 1-cells edges. 
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For example, the vertices and edges of a tetrahedron (Fig.l) 
constitute a linear graph for which ao ~ 4 and «i = 6. 
A linear graph is not necessarily assumed to lie in any 
space, being defined in a purely abstract way. It is obvious, 
however, that if points be chosen arbitrarily in a Euclidean 
three-space they can be joined by pairs in any manner what¬ 
ever by «! non-intersecting simple arcs. Therefore, any linear 
graph may be thought of as situated in a Euclidean three-space. 

For some purposes it is desirable to use the term one¬ 
dimensional complex to denote a more general set of 1-cells 
and 0-cells than that described above. For example, a 1-cell 
and its two ends form a one-dimensional complex according 
to the definition above, but a l-ceU by itself or a 1-cell and 
one of its ends do not. In the following pages we shall 
occasionally refer to an arbitrary subset of the 1-cells and 
0-cells of a linear graph as a gmeralizedme-dimmsional complex. 

4. A transformation of a set of points [X] of a complex Ci 
into a set of points [X'] of the same or another complex is 
said to be continuous if and only if it is continuous in the 
sense of § 2 on each complex composed of a 1-cell of Ci 
and its ends (i. e., if the transformation effected by F on 
those X’s which are on such a 1-cell and its ends is con¬ 
tinuous). A (l-l) continuous transformation of a complex 
into itself or another complex is called, following Poincare, 
a homeomotp?iism. The inverse transformation is easily proved 
to be continuous. Two complexes related by a homeomorphism 
ase said to be homeomorphic. 

The set of all homeomorphisms by which a linear graph 
is carried into itself obviously forms a group. Any theorem 
about a linear graph which states a property which is left 
invariant by all transformations of this group is a theorem 
of one-dimensional Analysis Situs. The group of homeo¬ 
morphisms of a linear graph is its Analysis Situs group. 

Order Relations on Curves 

5. By an open curve is meant the set of all points of 
a complex composed of a 1-cell and its two ends. By 
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a closed curve is meant the set of all points of a complex C\ 
consisting of two distinct 0-cells aj, al and two 1-cells aj, aj, 
each of which has a\ and a® as ends but which have no 
common points (Fig. 2). The most elementary theorems about 
curves are those which codify the order relations. They 
may be stated (without proof) as follows: 

Let us denote a 1-cell and its ends by a\ and Ug. If 
is any point af a}, there are two 1-cells a\ and a\ such 
that aj has a® and a® as its ends, a\ has a® and a® as its 
ends, and every point of a} is either on a\ or or identical 
with a®. The 1-cell a} is said to be separated into the 
1-cells aj and a\ by the 0-cell a®. 


al 



A 0-cell is said to be incident with a 1-cell if and only 
if it is an end of the 1-cell; and under the same conditions 
the 1-cell is said to be incident with the 0-cell. It follows 
directly from the theorem on separation in the paragraph 
above that n distinct points of the 1-cell determine 
w + 1 1-cells such that the n points (or 0-cells) may be 
denoted by hi, •••, hn and the w + 1 1-cells by h\, h\, 
in such a way that each cell is incident with the cell which 
directly precedes or directly follows it in the sequence 

0 1.1 ,0 71 0 

€L\j 0\, Oij 02 j • • • , On, 0,, ; i a2. 

If hl,hl,---, hn are n distinct points of a closed curve, 
the remaining points of the curve constitute n 1-cells h] 
(i==l,2,--‘,n), no two of which have a point in common, 
such that each hi is incident with just two of them. 

6. A little reflection will convince the reader that many 
0#. the theorems about functions of one real variable and 
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about linear sets of points belong to one-dimensional Analysis 
Situs. As an example we may cite the theorem that any 
nowhere dense perfect set of points on a closed curve can 
be transformed into any other such set by a (1-1) continuous 
transformation of the curve. The Heine-Borel theorem is an¬ 
other case in point. 

The theorems of Analysis Situs may be divided somewhat 
roughly into two classes, those dealing essentially with continuity 
considerations (of which the theorem on perfect sets of points 
cited above may serve as an illustration), and those having an 
essentially combinatorial character. It is the theorems of the 
latter class which will occupy most of our attention in the follow¬ 
ing pages, though we shall continually make use of theorems 
of the former class without proving them. 

Singular Complexes 

7. Let F be a correspondence between a 0-dimensional com¬ 
plex Co and a set of points [P] of any complex C (for the present, 
C is 0- or 1-dimensional) in which each point of Co corresponds 
to a single P and each P is the correspondent of one or more 
points of Co. The object obtained by associating any point X 
of Co with the point P which is its image under F will be denoted 
by P(A) and called a point on C\ it is said to coincide with P 
and P to coincide with it. The set of all points F{X) on C 
is called a 0-dimensional complex on C. If any P is the 
correspondent of more than one point X of Co? P is called 
a singular point and the complex on C is said to be singular, 

8. Let Cl be a generalized one-dimensional complex and 
let P be a continuous correspondence between Ci and a set 
of points [PJ of a complex C, in which each point of (\ 
corresponds to a single P and each P is the correspondent 
of at least one point of Ci. The object obtained by associating 
any point X of C^ with the point P which is its image under 
this correspondence will be called a point on C and is uniquely 
denoted by the functional notation P (Z); it is said to coindde 
with P and P is said to coindde with it. The point P(Zi) 
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is called a limit point of the points FiX) if Xi is a limit 
point of the points Z. The set of all points F(X) on C is 
in a (1-1) continuous correspondence with the points of C\ 
and thus constitutes a one-dimensional complex Ci identical 
in structure with 6i. The one-dimensional complex Cl is 
said to be on C. If any of the points F is the con*espondent 
under F of more than one point of Ci , Cl is called a singular 
complex on C and the point P in question a singular point. 
If the correspondence F is (1-1), Cl is said to be non-singular. 

It is to be emphasized that in the definitions above F is a 
perfectly general continuous function. Thus, for example, all 
the points of a 1-cell of Ci may be imaged on a single point 
of C. In the rest of this chapter we shall be referring to 
non-singular complexes more often than to singular ones. 
We shall therefore understand that a complex is non-singular 
unless the opposite is stated. 

9. Let P be any point of a generalized one-dimensional 
complex Cl. If P is a point of a 1-cell of Ci let Qi and Qs 
be two points of this 1-cell such that P is between them. 
If P is a vertex, let Qi, Qg, • • Qj be a set of points, one 
on each 1-cell of which P is an end. The set of points com¬ 
posed of P and of all points between P and the points Q,, 
Q%i ‘ • j Qj is called a neighborhood of P. 

A generalized one-dimensional complex C[ which is on C\ 
is said to cover Ci in case there is at least one point of Ci' on 
each point of 6\ and there exists for every point of Ci' a 
neighborhood which is a non-singular complex on Ci. In case 
the number of points of Cl which coincide with a given point 
of Cl is finite and equal to n for every point of C,, Cl is 
said to cover C^n times. 

The only connected complex which can cover a 1-cell is a 
1-cell, or a subdivision of a 1-cell such as is described in § 5, 
and it can cover it only once. A closed curve, on the othei- 
hand, can be covered any number of times by another closed curve. 

The truth of the latter statement may be seen very simply 
as follows. Let Ci and Cl be two circles in a Euclidean plane. 
Denote any point on Ci by a coordinate 0 (0< 0 < 27r), and 
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any point on Ci by S' (0<e' £ 27t), Let each point, 6, 
of Cr correspond to the n points 


e' = 


n ’ 



_ hi — 1 ) ^ 


e' ^ By 


of Cl. In case n == 2, for example, a pair of opposite points 
of Cl corresponds to a single point of Ci. 


The Simplest Invariants 

10. One of the first objects of Analysis Situs is to find the 
numerical invariants of complexes under the group of homeo- 
morphisms. By an invariant under this group we mean a 
number 1(C) determined by a complex Cin such a way that 
if C' be any complex homeomorphic with C, the number 1(0') 
determined in the same way for O' is the same as 1(0). 

11. Starting with any point 0 of a complex Ci consider all 
points of Cl which can be joined to this one by open curves, 
singular or not,* on Ci. This set of points will contain all 
points of a certain set of 0-cells and 1-cells of Ci (a sub¬ 
complex of Cl) which we may call Ci. Since any two points 
of Cl can be joined to 0 by open curves, they can be joined 
to each other by an open curve. Hence the same set of points 
is determined if any other point of Ci replace 0 in the 
definition of C/. 

Since Ci is composed of a finite number of 0-ceUs and 
1-cells altogether, it is composed of a finite number of sub¬ 
complexes defined in the same way that Ci is defined in the 
paragraph above. The number of these sub-complexes contained 
in Cl is obviously an invariant in the sense defined in § 10, 
for if two complexes Ci and C/ are homeomorphic, any curve 
on Cl corresponds to a curve on Ci. This numher shall he 
denoted by Eq. If jRq = 1, Ci is said to be connected. 

No generality is gained by aUowing the curves to be singular, but 
the argument is slightly easier, and more in the spirit of its generalizations 
to n dimensions. 
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12. Let us denote the number of 0-cells in a complex (\ 
by and the number of 1-cells by . The number — «, 
is an invariant 

To prove this, let us first observe that if (\ be modified 
by introducing any point of one of its 1-cells as a 0-cell and 
thereby separating the 1-cell into two 1-cells, the number 
rco — is unchanged. For «o is changed to + l and 
is changed to + I. 

Now consider two linear graphs and C\ between which 
there is a (11) continuous correspondence-F. Suppose that 
(\ has «o 0-cells and «! 1-cells and C( has 0-cells and 

«! 1-cells. Each 0-cell of C\ which is an end of only one 
1-cell will correspond under F to a 0-cell of having the 
same property; otherwise F could not be continuous. In 
like manner, each 0-cell of C\ which is an end of more than 
two 1-cells will correspond to a 0-cell of C( which is an end 
of an equal number of 1-cells. For the same reasons, a 0-cell 
of Cl which is an end of only one, or of more than two. 
1-cells is the correspondent of a like 0-cell of C'j. 

A certain number of 0-cells of C, which are ends of two 
1-cells each may correspond to points of Cl which are not 
vertices. Suppose there are h such 0-cells of and there¬ 
fore k corresponding points of Cl, As explained above, any 
one of these points of Cl may be introduced as a vertex, 
thereby changing Cl into a complex with one more 0-cell 
and one more 1-cell. Repeating this step k times Cl is 
changed into a complex Cl' having «o + /^ 0-cells and ai + A: 
1-cells. The correspondence F'will carry every vertex of (\ 
into a vertex of Cl'. 

Certain of the vertices of Cl', however, may not be the 
correspondents under F of vertices of t \. Suppose there are 
n such vertices of Cl'. By precisely the reasoning used in 
the last paragraph the points of Ci which correspond to these n 
vertices of CT may be introduced as vertices of (\, converting (\ 
into a complex Ci having_ao + n 0-cells and cty-{-n 1-cells. 

The complexes Cl' and t\ have been defined so that under 
the^(l-l) correspondence F each vertex of Cx corresponds 
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to a vertex of CY' and each 1-cell of T, to a 1-cell of Ci, 
Hence 

ctQ-\-n ~ ciQ-\-h and «i-|-n - 
from which it follows that 

— «l = «o — «1- 

13. The invariant number — is called the characteristic* 
of the linear graph. The number — «o + i^o is called the 
(ydomatic number’^ and denoted by //. In the case of a 
connected complex 

fj ^ 1 , 

The two invariants, Mo and «o —«i are evidently not 
sufficient to characterize a linear graph completely. There 
is a rather elaborate theory of linear graphs^ in existence 
which we shall not attempt to cover. Instead we shall go 
into detail on questions which cluster around the two in¬ 
variants already found, because this part of the theory is 
the basis of important generalizations to dimensions. 

Symbols for Sets of Cells 

14. Let us denote the 0-cells of a one-dimensional complex 
(\ by Hi, a?, • • •, and the 1-cells by al, aly •• •, 

Any sei of 0-cells of may be denoted by a symbol (aj, 
Xi, • • •, Xa^) in which .r< — 1 if a? is in the set and Xt = 0 
if is not in the set. Thus, for example, the pair of points 
a?, aS in Fig. 1 is denoted by (1,0, 0. 1). The total number 
of symbols fe, 0 * 2 , • • •, Xa^) is 2 ^^. Hence the total number 
of sets of 0-cells, barring the 0-set, is — 1. The symbol 
for a null-set, (0, 0, •••, 0) will be referred to as ^ero and 
denoted by 0. 

♦ Cf. W. Dyck, Math. Ann., Vol. 32, p. 457. 

t The term is due to J. B. Listing?, Census raumliche Koniplexe, Gottingen, 
1862. But the significance of this constant had been clearly brought out 
by G. Kirchhoff in the paper referred to in § 36 below. 

+ Cf. Dehn-Heegaard, Encyklopftdie, III, AB, 3, pp. 172-178. 
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The marks 0 and 1 which appear in the symbols just de¬ 
fined, may profitably be regarded as residues, modulo 2, i. e., 
as symbols which may be combined algebraically according 
to the rules 

0+0=l + l=0,0+l=l+0=l,0x0=-0xi=-lx0=0,1x1=1. 

Under this convention the mm (mod 2) of two symbols, or 
of the two sets of points which correspond to the symbols 
(xi, Xt, = X and (yi, y*, •••, = T, may be 

defined as (a^i + yi, Xt+y%j • + == X+Y, Geo¬ 

metrically, Z+ r is the set of all points which are in Z or 
in Y but not in both.* 

For example, if Z = (1, 0, 0, 1) and Y — (0, 1, 0, 1) 
Z + F == (1, 1,0, 0); i. e., Z represents aj and aj, F repre¬ 
sents a® and u®, and Z4- F represents aj and a®. Since aj 
appears in both Z and F, it is suppressed in forming the 
sum, modulo 2. 

This type of addition has the obvious property that if two 
sets contain each an even number of 0-cells, the sum (mod. 2) 
contains an even number of 0-ceils. 

15. Any set, of 1-cells in Ci may be denoted by a 
symbol (iCi, .r*, • • •, Xa^) in which Xi “ 1 if aj is in the set 
and Xi = 0 if a] is not in the set. The 1-cells in the set 
may be thought of as labelled with Ts and those not in the 
set as labelled with O’s. The symbol is also regarded as 
representing the one-dimensional complex composed of the 
1-cells of 8 and the 0-cells which bound them. Thus, for 
example, in Fig. 1 the boundaries of two of the faces are 
(1, 0, 1, 0, 1, 0) and (1, 1, 0, 0, 0, 1). 

The sum (mod. 2) of two symbols (xi, x*, • • •, Xa^) is defined 
in the same way as for the case of symbols representing 
0-cells. Correspondingly if Ci and Ci' are one-dimensional 
complexes each of which is a sub-complex of a given one¬ 
dimensional complex Cl, the mm 

* In other words, X -f* F is the difference between the logical snm and 
the logical product of the two sets of points. In terms of the logical 
operai^ions, if S and S' are the given sets, this one u 8 S' — S8\ 
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ci + a (mod. 2) 

is defined as the one-dimensional complex obtained by sup¬ 
pressing all 1-cells common to Ci and Cy and retaining all 
1-cells which appear only in C[ or in Cy. For example, in 
Fig. 1, the sum of the two curves represented by (1, 0, 1, 
0, 1,0) and (1, 1,0, 0. 0, 1) is (0, 1, 1,0, 1, 1) which 
represents the curve composed of a\, aj, nrj, aJ and their 
ends. 

The Matrices Hq and Hx 

16. It has been seen in § 11 that any one-dimensional 

complex falls into Rq sub-complexes each of which is con¬ 
nected. Let us denote these sub-complexes by Cl, 6'?, • • •, Cy '^. 
and let the notation be assigned in such a way that 

Oi (^ = l, 2, are the 0-cells of cl, a? (/ — Wi + l, ....m 2 ) 

those of cl, and so on. 

With this choice of notation, the sets of vertices of C}, 
respectively, are represented by the symbols 
[xi, xt, ' • which constitute the rows of the following 
matrix. 

mi ms — hiy of() — mu^~y 

1 iT.. 1 0 0 ... 6 ..• 0 0... 61 

0 0 ... 0 1 1 ... 1 ... 0 0 ... 0 

. 1 • 

00...000...0... ll-O 

For most purposes it is sufficient to limit attention to 
connected complexes. In such cases Rq — \ , and Hq consists 
of one row all of whose elements are 1. 

17. By the definition in § 5 a 0-cell is incident with a 
1-cell if it is one of the ends of the 1-cell, and under the 
same conditions the 1-cell is incident with the 0-cell. The 
incidence relations between the 0-cells and 1-cells may be 
represented in a table or matrix of wq rows and wi columns 
as follows: The 0-cells of Cy having been denoted by 
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a®, (t = 1, 2, • • a^) by «/» 0 * = 1 > 2 , • *., a^), 

let the element of the tth row and the ^th column of the 
matrix be 1 if a9 is incident with aj and let it be 0 if aj is 
not incident with aj. 

For example, the table for the linear graph of Fig. 1 formed 
by the vertices and edges of a tetrahedron is as follows: 








< 

< 

1 

0 

0 

0 

1 

1 

< 

0 

1 

0 

1 

0 

1 

< 

0 

0 

1 

1 

1 

0 

< 

1 

1 

1 

0 

0 

0 


In the case of the complex used in § 5 to define a simple 
closed curve the incidence matrix is 

1 1 
1 I ‘ 

We shall denote the element of the ith row and jth column 
of the matrix of incidence relations between the 0-cells and 
1-cells by and the matrix itself by 

iht-ii = 

The ith row of Hi is the symbol for the set of all 1-cells 
incident with aj and the jth column is the symbol for the 
set of two 0-cells incident with aj. 

The condition which we have imposed on the graph, that 
both ends of every 1-cell shall be among the 0-cells, 
implies that every column of the matrix contains exactly 
two I’s. Conversely, any matrix whose elements are O’s 
and I’s and which is such that each column contains exactly 
two I’s and each row contains at least one 1, can be regarded 
as the incidence matrix of a linear graph. For to obtain 
such a graph it is only necessary to take wq points in a 
3-space, denote them arbitrarily by aJ, ‘ 
the pairs which correspond to I’s in the same column succes¬ 
sively by arcs not meeting the arcs previously constructed. 
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This construction also makes it evident that there is a 
(1-1) continuous correspondence between any two graphs 
corresponding to the same matrix Hi, 

Zero-dimensional Circuits 

18. A pair of 0-cells is called a (^-dimensional circuit oi’ 
a O-circicif or a 0-diniensional uumifold. Any even numbei* 
of 0-cells is a set of 0-circuits and the sum (mod. 2) of any 
number of 0-circuits is a set of 0-circuits. 

If two 0-cells are the ends of an open curve on 6i (cf. § 5) 
they are said to hound the open curve and to he connected 
by it. Such a pair of 0-cells is called a hounding 0-circuit. 
For example, in Fig. 1, a\ and bound the curve a\ and 
also bound the curve ujajuj. 

19. In the symbol (.tj, • • •• for a bounding 0-circuit 

all the .T s are 0 except two which correspond to a pair of 
vertices belonging to one of the connected complexes into 
which Cl falls according to § 11. This symbol must there¬ 
fore satisfy the following equations. 


Xi 



0. 

1 

+ 


0. 


1 + 

• • -|- ~ 

- 0, 


ill which the variables are reduced modulo 2, as explained 
in § 14. The matrix of these equations is //q. 

Since the symbol for any set of bounding 0-circuits is the 
sum (mod. 2) of the symbols for the 0-circuits of the set, it 
follows that any such symbol satisfies the equations {H^). 
This is also evident because in the symbol for any set of 
bounding 0-circuits an even number of the r’s in each of these 
equations must be 1. Hence any such symbol satisfies (//q). 
On the other hand, the symbol for a non-bounding 0-circuit 
will not satisfy the equations (//q) because the tw^o x s which 
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are not zero in this symbol appear in different equations; 
and, in general, any set of vertices which is not a set of 
bounding 0-circuits will contain an odd number of vertices 
in some connected sub-complex of Ci, and hence its symbol 
will fail to satisfy these equations. Hence the set of all 
solutions of(HQ) is the set of all symbols for sets ofhoundmg 
O-circuits, 

Since no two of these equations have a variable in common, 
they are linearly independent. Hence all solutions of (Hq) 
are linearly dependent (mod, 2) on a set of — Bq linearly 
independent solutions, 

20. Denoting the connected sub-complexes of Gi by Cl, 
"‘f as in § 16 let the notation be so assigned that 
aj, • • •, a]^^ are the 1-cells in CJ; - ^ the 1-cells 

in cl ; and so on. The matrix then must take the form 


I 

0 

0 

0 

0 

II 

0 

0 

0 

0 

III 



where all the non-zero elements are to be found in the 
matrices I, II, III, etc., and I is the matrix of Ci, II of Cf, 
etc. This is evident because no element of one of the com¬ 
plexes Cl is incident with any element of any of the others. 

There are two non-zero elements in each column of //i. 
Hence if we add the rows corresponding to any of the 
blocks I, n, etc. the sum is zero (mod. 2) in every column. 
Hence the rows of are connected by Bo linear relations. 

Any linear combination (mod. 2) of the rows of corre¬ 
sponds to adding a certain number of them together. If this 
gave zeros in all the columns it would mean that there were 
two or no I’s in each column of the matrix formed by the 
given rq}YS, and this would mean that any 1-cell incident 
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with one of the 0-cells corresponding to these rows would 
also be incident with another such 0-cell. These 0-cells and 
the 1-cells incident with them would therefore form a sub¬ 
complex of Cl which was not connected with any of the 
remaining 0-cells and 1-cells of Ci. Hence it would consist 
of one or more of the complexes Cl (i = 1,2, ..i?o) and 
the linear relations with which we started would be dependent 
on the i?o relations already found. Hence there are exactly 
Rq linearly independent linear relations among the rows 
of Hx j so that if is the rank of , 

(>i — ccq—Rq. 

It follows that there is a set of ao”— columns of Hi upon 
which all columns are linearly dependent. Since every column 
of Hi is a solution of (/lo) and since all solutions of (//q) are 
linearly dependent on wo — Rq linearly independent solutions^ 
all solutions of (//q) are linearly dependent on columns of Hi . 
In other words any hounding O-circuit is the stm of some of the 
O-cirmits which hound iJie 1-cdls a\, •••, . 

A linearly independent set of solutions of a set of linear 
equations upon which all other solutions are linearly dependent 
is called a complete set of solutions. Thus a set of linearly 
independent columns of Hi forms a complete set of solutions 
of (Ho). The corresponding set of 0-circuits is also called 
a complete set. 

21. If i?o — 1 the complex Ci is connected and all its 
0-circuits are bounding and expres.««ibie linearly (mod. 2) in 
terms of «o — 1 of the 0-circuits which bound 1-cells. 

In case i?o > 1, a 0-circuit obtained by taking two points, one 
from each of a pair of the sub-complexes C'/(^ = 1, 2, •••, R^) 
is a non-bounding 0-circuit, while one obtained by taking 
two points from the same complex C/ is bounding. 

If JSo = 2 any two 0-cells are both in CJ, or both in Cf, 
or one in Cl and the other in C-. A pair of the last type 
forms a non-bounding 0-circuit and all non-bounding 0-circuits 
are of this type. If a\al is a 0-circuit of the last type any 



16 


ANALYSIS SITUS. 


[Chap. 1 


other non-bounding 0-circuit is such that one of its 

points, say is in the same connected complex with aj and 
the other with a^. Hence is the sum (mod. 2) of ajajj 
and the two bounding 0-circuits ajaj and Hence any 

non-bounding 0-circuit is obtainable by adding bounding 
0-circuits to a fixed non-bounding 0-circuit. 

By a repetition of this reasoning one finds in the general 
case that i?o — 1 is the number of non-hounding O-dreuits 
wiiich must he adjoined to the hounding ones in order to have 
a set in terms of which all the 0-circuifs are linearly eoopressihle 
{mod. 2). These i?o — 1 non-bounding O-circuits can obviously 
be chosen to consist of the pairs of 0-cells, ^ + 1, 

UU + 1 , • • 117}^^ 1 H“ !)• 


One-dimensional Circuits 

22, A connected linear graph each vertex of which is an 
end of two and only two 1-cells is called a one-dimensional 
dr ant or a l-circxiii. By the theorems of § 5 any closed 
curve is decomposed by any finite set of points on it into 
a 1-circuit. Conversely, it is easy to see that the set of all 
points on a 1-circuit is a simple closed curve. It is obvious, 
further, that any linear graph such that each vertex is an 
end of two and only two 1-cells is either a 1-circuit or a set of 
1-circuits no two of which have a point in common. 

Consider a linear graph (?i such that each vertex is an 
end of an even number of edges. Let us trace a path on 
Cx starting at a 0-cell and not covering any 1-cell more than 
once. As a result of the hypothesis, we must eventually 
reach some 0-cell for the second time, hence have traced 
a 1-circuit. We remove this 1-circuit and replace the necessary 
0-cells. Since the resulting complex has the property originally 
assumed for Ci, it follows that we can repeat the process 
till there is nothing left. Hence Ci consists of a number of 
1-circuits which have only a finite number of 0-cells in common. 

It is obvious that a linear graph composed of a number of 
closed Cloves having only a finite number of points in common 
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has an even number of 1-cells incident with each vei-tex. Hence 
a necessary and sufjkient condition that Ci consist of a number 
of 1-ciraiits having only 0-cells in common is that each 0-cell of 
Cl he incident with an even number of l-cells. A set of 1-circuits 
having only 0-cells in common will be referred to briefly as 
a set of 1-circuits. 

23. The sum of the symbols fe, rr*, •••, Xa^) for the 0-circuits 

which bound the 1-cells of a 1-circuit is (0, 0, 0) because 

each 0-cell appears in two and only two of these 0-circuits. 
Hence any 1-circuit oi' set of l-circuits determines a linear 
relationf modulo 2, among the hounding 0-circuits. 

Conversely, any linear relation among the 0-circidis which 
bound 1-cells of a complex determines a 1-drmit or set of 
1-circuits. For if the sum of a set of 0-circuits reduces to 
(0, 0, •••, 0) each 0-cell must enter in an even number of 
0-circuits, i. e., as an end of an even number of 1-cells. 

24. Let us now inquire under what circumstances a symbol 
(xij Xi, • • •, Xa^) for a one-dimensional complex contained 
in Cl will represent a 1-circuit or a system of 1-circuits. 

Consider the sum 

where the coefficients rj]. are the elements of the ith row 
of H^. Each term of this sura is 0 if aj is not in the 
set of 1-cells represented by (xi, X 2 , • • •. Xk) because in 
this case Xj --- 0; it is also zero if a] is not incident with 

because ri\j -= 0 in this case. The term ri\.Xj = 1 if aj is 
incident with aJ and in the set represented by (xi, Xs, • • • Xa) 
because in this case ri]j ^ 1 1 • Hence there are 

as many non-zero terms in the sum as there are 1-cells 
represented by (xi, Xg, Xa^) which are incident with a9. 
Hence by § 22 the required condition is that the number of 
non-zero terms in the sum must be even. In other words 
if the x’s and lyCs are reduced modulo 2 as explained in 
§ 14 we must have 

(//,) ^ O' - 1, 2,.... «„) 

J '1 
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if and only if (xi, a;*, • • •, aa,) represents a 1-circuit or set 
of 1-circuits. The matrix of this set of equations (or con¬ 
gruences, mod. 2) is Hi, 

25. If the rank of the matrix //i of the equations (Hi) 
be the theory of linear homogeneous equations (congruences, 
mod. 2) tells us that there is a set of linearly 

independent solutions of (Hi) upon which all other solutions 
are linearly dependent. This means geometrically that there 
exists a set of «!— Qi l~nratits or systems of l-ciratits from 
which all others can he obtained by repeated applications of 
the operation of adding (mod, 2) described in § 14. We shall 
call this a complete set of 1-circuits or systems of I-circuits. 

Since pi ^ «o — Hq (§ 20), the number of solutions of (Hi) 
in a complete set is 

p ^ fh — «o+ Ho. 

where fi is the cyclomatic number defined in § 13. For the 
sake of uniformity with a notation used later on we shall 
also denote /< by 7?i — 1. Thus we have 


I + Ho —Hi. 


Trees 

26. A connected linear graph which contains no 1-circuits 
is called a tree. As a corollary of the last section it follows 
that a linear graph is a set of Ho trees if and only if p — 0. 

Any connected linear graph Ci can be reduced to a tree 
by removing p properly chosen 1-cells. For let a^^(p ~ ^l, 
Hi •••> iq) fie a set of 1-cells whose boundaries form a 
complete set of 0-circuits (§ 20). The remaining 1-cells of 
Cl are p in number and will be denoted by aj,(/> 

•••, i/i). If these p 1-cells are removed from Ci the linear 
graph Ti which remains is connected because every bounding 
0-circuit of C\ is linearly expressible in terms of the boundaries 
of the 1-cells ~ ii, ig, •••, iq) of Ti and hence any 
two 0-cells of Cl are joined by a curve composed of 1-cells 
of Ti. But since the cyclomatic number of (h is —ao +1> 
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the removal of fi l-cells reduces it to 0 and hence reduces (?i 
to a tree. In like manner, if Ci is a linear graph for which 
Ro 1, it can be reduced to Rq trees by removing 
— — ao + i^o properly chosen 1-cells. 

27. There is at least one 1-circuit of Ci which contains 
the 1-cell aj , for otherwise Ci would be separated into two 
complexes by removing this 1-cell. Call such a 1-circuit C/. 
In the complex obtained by removing a) from there is, 
for the same reason, a l-circuit Cl which contains a \, and so 

on. Thus there is a set of 1-circuits C\, Cl * • Cf such that 
Cf (p ~ 1,2, •. •, /i^) contains These 1-circuits are linearly 

independent because contains a 1-cell, which does 
not appear in any of the circuits Cf, cf and therefore 

cannot be linearly dependent on them. Hence C?, Ci, • • •, Cf 
constitute a complete set of l-circuits. This sharpens the 
theorem of § 25 a little in that it establishes that there is 
a complete set of solutions of (Hi) each of which represents 
SL single 1-circuit. 

Geometric Interpretation of Matrix Products 

28. According to the definition of multiplication of matrices, 

if and only if 

^ ^jk Ctfc, 

fi being the number of columns in ||a^|| and the number of 
rows in \\hjk\\. 

Hence the equations (Ho) of § 19 are equivalent to the 
matrix equation. 




0 


_ 

0 



0 


2* 
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in which the matrix on the right has one column containing 
Bo zeros. 

Since each column of the matrix i/, is the symbol (as defined 
in § 14) for a bounding 0-circuit, (i. e.,. the ^‘th column is the 
symbol for the 0-circuit which bounds a]) any column of Hi 
is a solution (xi, ajg, ♦ • •, Xa^) of the set of equations (Hq) , 
By the remark above we may express this result in the form, 

Ho-Hi = 0 . 

where 0 is the symbol for a matrix all of whose elements 
are zero. 

29. By the boundary of a one-dimensional complex is meant 
the set of 0-cells each of which is incident with an odd number 
of 1-cells of the complex. So, for example, a 1-circuit is 
a linear graph which has no boundary. 

From the definition (§ 14) of addition (mod. 2) of sets of 
points it is clear that the sum of the boundaries of two 1-cells 
is the boundary of the complex consisting of the two 1-cells 
and their ends. By repeated application of this reasoning we 
prove that the boundary of any one-dimensional complex is 
an even number of 0-cells, i. e., a number of 0-circuits. 

Now consider a one-dimensional complex C[ represented by 
the symbol (o^i, • • •, Xa) for its 1-cells. According to the 

reasoning in § 24 each term of 

+ - 

is 1 or 0 according as the corresponding 1-cell is or is not 
both in C[ and incident with aj. Hence this expression is 
1 or 0 (mod. 2) according as a\ is or is not a boundary point 
of C\, Hence if we set 

4- 'yj. 3^2 H-1- = y^ (« =. 1,2, • • •. «„) 

the symbol (i/i, ^ 2 , • • •, ya) thus determined represents the set 
of points which bounds C{, 

Recalling the rule tor multiplying matrices, we see that 
this result may be stated as follows; 
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Xi 


Pi 

Xg 





y% 


if and only if (^/j, 2 / 2 , • • •, ya) denotes the set of points which 
bounds the. complex denoted by 


Reduction of Hq and to Normal Form 

30. Let us define two matrices ^0 and as follows: 

Ba is a matrix of «o rows and columns of which the first 
column is the symbol for the next —1 columns are the 
symbols for the non-bounding 0-circuits enumerated at the end 
of § 21, and the last «o—columns are the symbols for 
the boundaries of the 1-cells a]{j — •••, of the 

trees of § 26. 

Bi is a matrix of «i rows and columns of which the 
first columns are the symbols for aj (j — 
and the last columns are the symbols for the 1-circuits 

The determinants of these two matrices are evidently 1 
(mod. 2) because the columns of Bo represent a linearly in¬ 
dependent set of 0-dimensional complexes and the columns 
of Bx a linearly independent set of 1-dimensional complexes. 

The matrix ^0 has the properties: (1) all bounding 0-circuits 
are linearly dependent (mod. 2) upon the 0-circuits represented 
by its last columns; (2) all non-bounding 0-circuits are 
linearly dependent on its last«o~^l columns; (3) all sets of 
0-cells are linearly dependent on all its columns. 

The matrix Bi has the properties: (1) all 1-circuits are 
linearly dependent upon the 1-circuits represented by its last 
fi columns and (2) all sets of 1-cells are linearly dependent 
on all its columns. 

31. From § 29 and the definition of Bi it is clear that 
the first columns of the product • Bi must be the symbols 
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for the boundaries of the 1-cells represented by the first 
columns of Bi . Hence the first columns of the product 

Hi*Bi are the same as the last columns of Bo* The 

remaining: columns of Hi^Bt must be composed entirely of 
zeros since the remaining columns of Bi represent 1-circuits. 
Hence 

( 1 ) Hi*Bi== Ao-Hty 

where 



1 

0 . 

. 0 

0 . 

. 0 


0 

1 . 

. 0 

0 . 

. 0 

ut 

0 

0 .. 

. 1 

0 .. 

. 0 


0 

0 . 

.. 0 

0 . 

.. 0 


is a matrix of »o rows and oi columns of which all elements 
are O’s except the first elements of the main diagonal, 
and vlo is a matrix of uq rows and columns whose first 
Pi — «o — i2o columns are identical with the last Qi columns 
of Bo and whose last Bo columns are identical with the first 
Bo columns of • Since the determinant of is 1 ^ the 
determinant of ^ is 1. Hence (1) may be written 

( 2 ) 

Prom the point of view of the algebra of matrices (mod. 2) 
the determination of the two matrices and Bi is the 
solution of the problem of reducing Hi to its normal or 
unitary form, Hi* Geometrically (cf. § 30) these matrices 
may be regarded as summarizing the theory of circuits in 
a linear graph. It will be found that this geometrical 
significance of the reduction of Hi to its normal form generalizes 
to n dimensions. For the sake of completeness we shall 
also cany out the analogous reduction of Ho. 

32. From § 28 and the definition of Bo it is clear that 
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1 

1 

1 . 

.. 1 0 ... 

0 




0 

1 

0 . 

..0 0 ... 

0 




0 

0 

1 . 

.*0 0 ... 

0 


(1) 

Ho Bo = 




• 





0 

0 

0 . 

.. 1 0 ... 

0 


the 

right-hand member 

of 

this equation being 

a 

matrix of 

Eo rows and ao columns. 

Each 

of the first Eo columns of 

this 

matrix contains a 

I 

for 

each of the complexes Cl 


0' = 1, 2, Eq) which contains a 0-cell of the set 
represented by the corresponding columns of J5o. The last 
ccq—E o columns contain nothing but O’s because the last 
cfo — ^ columns of Bo represent bounding 0-circuits. This 
equation may also be written in the form 

(2) Ho-Bo = A-Ho 

in which ^ is a square matiix of Eo columns identical with 
the first Eo columns of Ho-Bo and Ht is a matrix of Eo rows 
and fto columns all elements of which are 0 except the 
Eo elements of the main diagonal, which are all 1. 

The determinant of the matrix A is unity and A therefore 
has a unique inverse A-'^, Hence (2) becomes 

(3) A-^-Ho-Bo = Ho. 

Thus A^^ and Bo are a pair of matrices by means of which 
Ho is transformed to the normal form H*, 

Oriented Cells 

33. We turn now to the notion of ‘‘orientation” or “sense 
of description” of a complex. The definitions adopted will 
doubtless seem very artificial, but this is bound to be the 
case in defining any idea so intuitionally elemental as that of 
“sense.” 

A 0-cell associated with the number +1 or — 1 shall be 
called an oriented 0-cdl or oriented point* In the first case 

In analytic applications the number + 1 associated with a point is 
usually determined by the sign of a fnnctional determinant. 
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the oriented 0-cell is said to be pos7tiveIy oriented and in the 
second case it is said to be negatively (rriented\ the two 
oriented points are called negatives of each other. A set of 
oriented 0-cells is called an oriented O-d^tnensional comple.v, 

A pair of oriented 0-cells, formed by associating one point 
of a 0-circuit with +1 and the other with — 1 shall be 
called an oriented {^-nrani or an oriented O-dimensional mani¬ 
fold. If a O-cirenit is bounding, ony oriented 0-circnit formed 
from it is also said to be hounding. 

34. The ends oj, a\ of a 1-cell when associated each 
with + 1 determine two oriented 0-cells which may be called 

and respectively. Therefore the ends of determine 
two oriented 0-circuits, namely and The 

object formed by associating with either of these 0-circiiits 
is called an oriented \-eell. 

The oriented 1-cell formed by associating with — (d] 
is said to he po'^itirely related to and —o'J and negatively 
related to —and An oriented 0-cell is said to be 
positively or negatively related to an oriented 1-cell according 
as the 1-cell is positively or negatively related to it. 

The point o'j is called the termmal point and a!! the mitial 
pohit of the oriented 1-cell formed b}’^ associating with 
<^5?, —In diagrams it is convenient to denote an oriented 
1-cell by marking it with an arrow pointing from the initial 
point to the terminal point. 

In the following sections we shall denote the oriented 0-cells 
obtained by associating each of the 0-cells Oj, <. of 

a complex (\ with +1, by </;, respectively. 

We shall also denote an arbitrary one of the two oriented 
1-cells which can be formed from a] (2 = 1,2, . ., aj by 
a]. Any set of oriented 1-cells will be called an oriented 
one-dimejisional complex. Thus any linear graph can be con¬ 
verted into an oriented complex in 2*^* ways. 

35. The cells of a 1-circuit, when oriented by the process 
described above, give rise to a sequence of oriented 0-cells 
and 1-cells, 
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( 1 ) 


2 > 2 ^ 


a 


0 

1 ’ 


in which each oriented cell is either positively or negatively 
related to the one which follows it. According to the con¬ 
vention that O'® is formed from a® by associating it with + 1, 
each oj is negatively related to the oriented 0-cell which follows 
it if it is positively related to the one which precedes it^ 
and ri(T rmsa. Hence by assigning the notation so that 
oj is in every case positively related to the oriented 0-cell 
which precedes it in the sequence (1) we can arrange 
that oj, o^, .... 0*1 , represent a set of oriented 1-cells such 
that each oriented 0-cell positively related to one oriented 
I-cell of the set is negatively related to another. Such an 
oriented complex formed from the l-cells of a 1-circuit is 
called an orietiied X-virvait, 

It is obvious that the only other oriented 1-circuit which 
can be formed from the given 1-circuit is that composed ot 
— (s\, —(tJ, . For if one of the oriented 1-cells 

in an oriented 1-circuit be replaced by its negative each 
of the other 1-cells must be replaced by its negative. The 
other oriented complexes which can be formed from the 
1-circuit are not oriented 1-circuits. 

Intuitionally this discussion means that if the oriented 
1-cells of an oriented 1-circuit are marked by arrows as in 
§ 34, the 3 iT 0 ws must all be pointed in the same direction. 


Matrices of Orientation 

36. The relations between the oriented 0-cells and oriented 
1-cells, which can be formed from the cells of a complex 
may be studied by means of two matrices which are closely 
analogous to Ho and Hi. The new matrices will be called 
matrices of orientation, and denoted by Eq and Ei . In our 
treatment they are derived from Ho and Hi and their theory 
is entirely parallel to that of Ho and H^. They are, how¬ 
ever, the one- and two-dimensional instances of the matrices E^ 
which form the central element in Poincar«5's work on Analysis 
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Situs. The matrix i^i may be said to date back to the article 
by G. Kirchoff in Poggendorf^s Annalen der Physik, Vol. 72 
(1847), p. 497, on the flow of electricity through a network 
of wires, in which Kirchoff made use of a system of linear 
equations having as its matrix. This paper is doubtless 
the first important contribution to the theory of linear graphs. 

37. Any set of oriented 0-cells may be denoted by a symbol 
(iCi, • • •, Xa) in which is +1 if is in the set, —1 
if — is in the set, and 0 if neither a? nor — o'® is in the 
set. The symbols for the bounding oriented 0-circuits of 
a complex Ci satisfy a set of equations, {E^\ identical with 
the equations {Hq) of § 19 except that the variables are taken 
to be integers instead of being reduced modulo 2. The corre¬ 
sponding matrix will be denoted by 

^0 IK;li (* = 1, 2 , • • • , iZo; > = 1 , 2 , • . •, eto). 

If the complex is connected, jRo — 1 and this matrix 
reduces to a oiie-rowed matrix 

111,I,--,111 

all of whose «o elements are unity. The equations {E^) have 
ofo — Bq linearly independent solutions, and if r© is the rank 
of E^ 

J'o = ^0 “ Bi). 

38. The relations between the oriented 0-cells o'® and oriented 
1-cells aj of an oriented complex Ci may be denoted by 
a matrix 

= Ik^ll ii = 1, 2. •••, a„; j ==1,2,..., a,) 

in which is +1 if is positively related to aj, is —1 
if is negatively related to a}, and is 0 if a? is not an end 
of aj. 

This matrix can be formed from fl, by changing a 1 in 
each column to —1, for each a/ is positively related to one 
of the a®’s formed from the ends of a} and negatively related 
to the other. The choice of the —1 is determined by the 
arbitrary choice in the definition of aJ. 
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For example, the vertices and edges of the tetrahedron in 
Fig. 1 when oriented as indicated by the an'ows constitute 
an oriented complex represented by the following matrix: 


—1 

0 

0 

0 

— 1 

1 

0 

— 1 

0 

1 

0 

—1 

0 

0 

— 1 

— 1 

1 

0 

1 

1 

1 

0 

0 

0 


39. Each' column of the matrix is the symbol (§ 37) 
for a bounding oriented 0-circuit and hence is a solution of 
the set of equations (Fo). In the notation of matrices, this 
means 

(1) £0-^1 = 0. 

The matrix falls into a set qf matrices I, II, III, etc. 
corresponding to those into which Hi is decomposed in § 20. 
The sum of the rows of any one of these matrices 1, II, III 
is zero because each column has one +1 and one — 1. On 
the other hand the rows of such a matrix, say I, cannot be 
subject to any other linear relation because one of the vari¬ 
ables could be eliminated between this relation and the one 
which states that the sum of the rows is zero, and the 
resulting relation, after its coefficients were divided by their 
H. C. F. and then reduced modulo 2, would give a linear 
relation among the rows of Hy of a type which has been 
shown in § 20 to be non-existent. Hence the rows of F| 
are subject to Bo linearly independent linear relations. Hence 
if Ti denote the rank of ^ 1 , 

^'1 — 

40. The form of the matrices E^f and Ei has been limited 

somewhat by the convention that ‘ 0-cells 

each associated with + 1. If we interchange the significance 
of <r? and — <y?, so that repi-esents a9 associated with — 1, 
it is necessary to change the 1 in the ith column of Eq to 
— 1 and to make corresponding changes in the columns of Fj, 
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The rest of the discussion on this slightly more general 
foundation does not differ in essentials from that already given. 

Oriented i-Circuits 

41. Every oriented 1-circuit corresponds to a linear relation 
among the oriented O-circuits which bound the oriented 1-cells 
of which it is composed, for if a given oriented 0-cell is 
positively related to one such oriented 1-cell, its negative is, 
by the terms of the definition, positively related to another 
oriented 1-celi of the oriented 1-circuit. Conversely any linear 
relation among the bounding O-circuits determines an oriented 
1-circuit or set of oriented 1-circuits. All this is analogous 
to § 23. Taken with § 39 it establishes that the number of 
linearly independent linear relations among bounding oriented 
O-circuits is the same as among bounding O-circuits when 
reduced modulo 2. 

42. Any set of oriented 1-cells of a complex G may be 
denoted by (a?i, a:*, • • Xa) where x. 1 if a? is in the set, 
x^ = — 1 if — cri is in the set, and x^ — 0 if neither nor 

— is in it. A necessary and sufficient condition that such 
a symbol represent an oriented 1-circuit or set of oriented 
1-circuits is that it satisfy the system of equations, 

«. 

{El) 2 a:. = 0 (i = 1, 2, ■ •«o), 

the matrix of which is E^. For in this set, the equation, 

(1) 4 Xj + 4 OTj + ... + = 0 

corresponds to the oriented 0-cell a9. A term Xj of the left 
member is zero if fj. = 0 or if Xj = 0, that is, if a} is not 
an end of or if the set of oriented 1-cells does not con¬ 
tain ± cri. The term e^Xj is + 1 if and Xj are of the same 
sign, that is if the set of oriented 1-cells contains aj and the 
latter is positively related to or if it contains — aJ and 

— aj is positively related to hence there are as many + 1 
terms in the left member of (1) as there are oriented 1-cells 
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ill the set {xi, • • •• xa) which are positively related to 

In like manner there are as many —1 terms as there are 
oriented 1-cells in the set which are negatively related to or?. 
Hence the left-hmid member of (1) is the difference between 
the number of oriented \-celh in the set which arc positively 
related to and the number which are neyntirely related to 
Hence an oriented 1-circuit satisfies the equations and 
any solution of (fe'i) of the kind in question must represent 
an oriented 1-circuit or a set of oriented 1-circuits. 

Since the number of variables Xj in the equations {E^) is «, 
and the rank of the matrix of coefficients is — Bq (cf. § 39) 
the number of solutions in a set on which all others are 
linearly dependent is y where 

H — «o + /io. 

Such a set is obviously obtained by converting the y 1-circuits 
of § 27 into oriented 1-circuits. The symbols (.r,, x^y •••, Xa) 
for these 1-circuits are linearly independent solutions of {E^) 
in which the xs are 0 or zt 1. 

It is obvious that the equations (E^) have solutions in which 
the a;’s are integers different from 0 and zb 1. In order to 
interpret these solutions we shall return to the notion of 
a singular comjdex on Ci (§ 8). 

Symbols for Oriented Complexes 

43. If a O-cell on C\ (in the sense of § 7) is associated 
with -) 1 or —1 the resulting oriented 0-cell is said to 
be on C\y and if coincides with a O-cell a^ of 6\, is 
said to coincide with or - aj' according as is positively 
or negatively oriented. 

Let a be any linear graph on (\ such that each 1-coll 
of (J[ covers a 1-cell of (\ just once (ct. § 9). If the cells 
of both complexes are oriented, an oriented 1-cell of ("[ 
will be said to coincide with an oriented 1-cell aj of (\ if 
and only if (1) each point of coincides with a point of 

and (2) each oriented O-cell of (\ is positively or negatively 
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related to according as it coincides with an oriented 0-cell 
of which is positively or negatively related to 

44. A symbol {xuX 2 y--y xa) in which the x’s are positive 
or negative integers or 0 will be taken to represent a set 
of oriented i-cells (z = 0 or 1) on Ci in which (1) if 
xj{j = Ij 2j •• - y ai) is positive there are xj oriented i-cells 
coinciding with (2) if Xj is negative there are —Xj oriented 
«-cells coinciding with — and (3) if Xj = 0 there are no 
oriented 2 -cells coinciding with crj or — 

The object obtained by assigning orientations to the 1-cells 
of a complex is called an oriented \-dimensional complex. 
A singular oriented complex is defined in similar manner. A 
singular oriented complex whose cells coincide with cells of 
Cl determines a symbol to, 0 ^ 2 , • • Conversely, any 

such symbol determines at least one oriented complex having 
that symbol for its oriented 1-cells. This complex can in 
general be constructed in a variety of ways, depending on 
how we join the 1-cells by 0-cells. 

In case the numbers Xj{j = 1, 2, • • ai; i 0, 1), have 
a common factor different from unity, i. e., in case 

(Xly X2y • • •, Xa) U\dy Z^dy * * ♦, , 

any oriented complex whose symbol is fe, 2 ^ 2 , • • •, Za} is said 
to be wvet'ed d times by a complex with symbol (xi, iC 2 , • • Xa) 
formed by orienting the cells of a complex covering , 22 , • • •, Zu) 
d times in the sense of § 9. 

45. li ixiy X 2 y • ’ •, Xa) and (yi, 2 / 2 , • • ya) are symbols for 
two sets of oriented i-cells (i = 0, 1), the symbol fe+yi, 
X 2 -\-y‘iy • •-j xa^ + ya) is called the sum of the two symbols 
and the set of oriented «-cells which it represents is called 
the sum of the two sets of oriented e-cells. 

Given two (singular) oriented complexes, any oriented com¬ 
plex whose symbol is the sum of the symbols of the given 
complexes is called a sum of those complexes. 

For example, in Fig. 1 the oriented 1-circuit composed of 
be denoted by (0,0, 0, 1, 1, 1) and the oriented 
l-circpit composed of ffi, <rj, — may be denoted by (0, 1, 
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— 1, 1, 0,0). Their sum is (0, 1, — 1, 2, 1, 1), If each of 
(f\ and —crj be replaced by its neg'ative the sum becomes 
(0, —1, 1, 0, 1, 1). In the first case the sum determines 
a pair of oriented 1-circuits, a\ appearing once in each; in 
the second case the sum determines a single oriented 1-circuit. 

It can be proved by an argument analogous to that used 
in § 22 that any solution of the equations (£,) represents a 
set of oriented 1-circuits, two ore more of which may have 
a given oriented 1-cell in common. 

46. By the boundary of an oriented 1-cell is meant the 
pair of oriented points which are positively related to it. 
By the boundary of any oriented one-dimensional complex 
is meant the sum of the boundaries of the oriented 1-cells 
composing it. 

From this definition it follows directly that an oriented 
1-circuit has no boundary and that any set of oriented 1-cells 
without a boundary may be regarded as a set of 1-circuits. 

If (xi, X 2 j •' ‘y xa^) is the symbol for a single oriented 1-cell, 
it is obvious from the reasoning used in § 42 that (yi, y 2 ? • • -rya^) 
is the symbol for its boundary if and only if 


( 1 ) 


Xi 



Xf 1 

* 1 
, 1 


yt 

• 

x„i i 




But the most general symbol {xiy xoy • • - y xk^) in which the 
re’s are integers or zero can be expressed as a sum of symbols 
for oriented 1-cells, and by the algebraic properties of matrices. 


Xx+Xi 




Xi 

X'l -f- X'i 

c,. 

Xi 


f 

X2 

Xa^ + x'a^ 


a«i 


Xoj 


(2) 
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Hence in the general case, - i ytt) is the symbol for 

the boundary of Xa) if and only if (1) is satisfied. 


Normal Form for Eq 

47. All columns, except the first one, of the matrix Bq 

which appeared (§ 32) in the reduction of Hq to normal form 
are symbols for 0-circuits. Hence by changing one of the 
I’s in each column after the first column to —1, i?o is 
converted into a matrix, Dq, of which the first column re¬ 
presents the oriented 0-cell crj’, the next — 1 columns re¬ 
present linearly independent non-bounding oriented O-circuits, 
and the last «o— Eq columns represent linearly independent 
bounding oriented O-circuits. The product is clearly 

obtained from Hq-Bq by changing one 1 to — 1 in each 
column from the second to the i?oth. Hence 

( 1 ) ~ , 

where Eq^ is the same as Hd and T is obtained from A 
by changing one 1 into --1 in each column except the first. 
The determinant of Tis -il. Hence there exists a matrix 
whose elements are integers and (1) can be written in the 
form 

( 2 ) - E ,. 

The reduction of E^ to normal form, tlierefore, is comi)letely 
parallel to the corresponding reduction of Hq. 

Matrices of Integers 

48. The reduction of E^ to normal form can be obtained 
directly from the general theory of matrices whose elements 
are integers.* The fundamental theorem of this theory is 
that for any matrix E of «i rows and Wg columns whose 
elements are integers there exist two square matrices (7 and 

* The part of this 'theory which is needed for our purposes is the 
subject of an expository article (Appendix II) by P. Franklin and the 
author in the Annals of Mathematics, Vol. 23 (1921), pp. 1-15. 
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D of «! rows and a, rows respectively, each of determinant 
±1, such that 

(1) C^E,D 

where i?* is a matrix of wj rows and columns 


d. 

0 . 

.. 0 . 

. 0 

0 

d2 

.. 0 . 

. 0 

0 

0 . 

.. dr .. 

• 1 

. 0 

; 1 

0 

0 .. 

. 0 .. 

• 0 1 ' 


in which di is the highest common factor of all the elements 
of E, did^ the H.C.F. of all the two-rowed determinants which 
can be found by removing rows and columns from E, and 
finally, d^d^ • • • dr the H. C. F. of all the r-rowed determinants 
which can be formed from F. The number di is the H.C.F. of 
all the numbers did^d^**- dy^ dt is the H.C.F. of •••, dry etc. 

The numbers , di, • • •, c/r are called the invariant factors, 
or the elementary divisors of the matrix E. They are in¬ 
variants in the sense that if E is multiplied on the left by 
a square matrix of «! rows and determinant zb 1 and on the 
right by any square matrix of «2 rows and determinant zb 1, 
the resulting matrix will be such that the H. C. F. of all the 
/c-rowed determinants which can be foi-med from it is 
di-d^- • • •, dk {k =- 1 , 2 , •. •, r). 

If all elements be reduced modulo 2. E reduces to a matrix H 
all of whose elements are 0 or 1. The equation (1) reduces 
to an equation like (2) of § 31. The rank of E differs from 
the rank off/ by the number of d's which contain 2 as a factor. 

Normal Form for Ei 

49. Suppose we apply the theory just described to the 
reduction to normal form of the matrix Ei , with the reduction 
represented by the equation 
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( 1 ) = Et. 

From this we get the following result: There exists a com- 
plete set of sets of 1-circuits, that is, one such that an 
arbitrary set of 1-circuits is a linear combination, with 
integral coefficients, of its members. To prove this, we first 
obtain from (1) the relation, 

( 2 ) E,.D, = Co . El 

Since the last «! — n columns of F? are composed of zeros, 
the last n columns of A represent sets of 1-circuits, 
which must be independent, since the determinant of A is 
not zero. Since the determinant of A is actually il, an 
arbitrary set of 1-circuits must be uniquely expressible as 
a linear combination, with integral coefficients, of the com¬ 
plexes represented by the columns of A- linear 

combination actually involved any of the first r, columns, 
the combination of the latter columns in question must 
represent a set of 1-circuits, and also be independent of the 
last «! — ri columns, as all the columns of A are linearly 
independent. Hence the equations (Fj) would have more 
than «! - - ri linearly independent solutions, which we know 
is not the case. Therefore the linear combination in question 
cannot involve any of the first n columns, and we conclude 
that the last —ri columns represent a complete set of 
sets of 1-circuits. 

50. We shall now outline a proof of the fact that the 
invariant factors of are all +1. Suppose a certain 
invariant factor, say the >th, had a value greater than 1, 
say d. Then from (2) it follows that the >th column of Co 
would represent a set of 0-circuits which, taken d times, 
would bound a 1-dimensional complex represented by the jth 
column of A- When we go into the subject more deeply, 
in the general case (Chap. IV, § 30), we shall prove that 
under these conditions the set of 0-circuits in question could 
not bound when taken a smaller positive number of times 
than d. But it is not difficult to prove that if a set of 
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O-circuits bounds when taken d times, d positive, then it 
also bounds when taken once. Hence the existence of the 
invariant factor d would lead us to a contradiction; and it 
follows that all the invariant factors of are 1. 

51. In view of the general theory it is seen that the 
matrix for a linear graph is characterized by the fact 
that its invariant factors are all -j-l. On this account the 
theory of the matrix E^ is essentially the same as that of Hi . 
When we come to the generalizations to two and more 
dimensions, the invariant factors of the matrix will no longer 
have this simple property and the invariant factors will turn 
out to be important Analysis Situs invariants. 



CHAPTER n 

TWO-DIMENSIONAL COMPLEXES AND MANIFOLDS 
Fundamental Definitions 

1. In a Euclidean space three non-collinear points and 
the segments which join them by pairs constitute the boundary 
of a finite region in the plane of the three points. This region 
is called a triangular region or two-dimensional simplex and 
the three given points are called its vertices. The points of 
the boundary are not regarded as points of the region. 

Consider any set of objects in (1-1) correspondence with 
the points of a two-dimensional simplex and its boundary. 
The objects corresponding to the points of the simplex con¬ 
stitute what is called a two-dimensional cell or 2-celly and 
those corresponding to the boundary of the simplex what is 
called the boundary of the 2-celL 

The objects which constitute a cell and its boundary will 
hereafter be referred to as “points,” and the remarks in § 2, 
Chap. I, with regard to order relations are carried over* with¬ 
out change to the two-dimensional case. The boundary of 
a 2-cell obviously satisfies the definition given in Chap. I of 
a closed curve. 

2. A two-dimensional complex may be defined as a one¬ 
dimensional complex Cl together with a number, ag, of 
2-cells whose boundaries are 1-circuits of the one-dimensional 
complex, such that each 1-cell is on the boundary of at least 
one 2-cell and no 2-cell has a point in common with another 
2-cell or with Ci. The order relations of the points of the 
boundary of each 2-cell must coincide with the order relations 
determined among these points as points of the 1-circuit of 
the one-dimensional complex which coincides with the boundary. 
(Compare the footnote to § 2, Chap. III.) 

36 
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The surface of a tetrahedron (cf. Fig. 1) is a simple example 
of a two-dimensional complex. Any polyhedron or combination 
of polyhedra in a Euclidean space will fumish a more com¬ 
plicated example. 

An arbitrary subset of the 0-cells, 1-cells, and 2-cells of 
a two-dimensional complex will be occasionally referred to as 
a generalized two-dimensional complex. 

3. The definitions of limit point and continuous trans¬ 
formation ^ven in Chap. I may be generalized directly to 
two-dimensional complexes and we take them for granted 
without further discussion. As in § 4, Chap. I, two complexes 
are said to be homeomorphic if there exists a (1-1) con¬ 
tinuous correspondence between them; and any such corre¬ 
spondence is called a homeomorphism. The two complexes 
will in general be defined in quite different ways so that 
the numbers wq, «!, are different; but if the two com¬ 
plexes are homeomorphic there is a (1-1) continuous corre¬ 
spondence between them as sets of points. 

Any proposition about a complex or set of complexes which 
is unaltered under the group of all homeomorphisms of these 
complexes is called a proposition of two-dimensional Analysis 
Situs. 


Matrices of Incidence 

4. The 0-cells and 1-cells on the boundary of a 2-cell are 
said to be incident with the 2-cell and the 2-cell to be 
incident with the 0-cells and 1-cells of its boundary. The 
incidence relations between the 1-cells and 2-cells of a two- 
dimensional complex Ci may be indicated by a table or 
matrix analogous to that described in § 17, Chap. I. The 
2-cells, ttg number, shall be denoted by aj, • • •, . 

The matrix ||iy?.ll which describes the incidence relations 
between the 1-cells and 2-cells is such that ~ 0 if a] is 
not incident with aj and rj^j — 1 if is incident with a?. 

In the case of the tetrahedron in Fig. 1, let us denote the 
2-cells opposite the vertices aj, a”, oj, a® by a^, a^, aj, aj 
respectively. The table of incidence relations becomes 
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a\ 


«8 

“4 

a\ 

0 

1 

1 

0 


1 

0 

1 

0 


1 

1 

0 

0 


1 

0 

0 

1 

4 

0 

1 

0 

1 


0 

0 

1 

1 


5. Since each column of Ht contains elements it may 
be regarded as a symbol (a?i,rr8, Xa) in the sense of § 15, 
Chap. I for a set of l-cells. The ^‘th column of Hi is, in 
fact the symbol for the 1-cells on the boundary of the 
2-cell aj. It is therefore the symbol for a 1-circuit. Hence 
the columns of Ht are solutions of the equations (Hi). That 
is to say 

0 (i = 1, ■ ao, k = 1, ■ ■ ■, tti) 

or, in terms of the multiplication of matrices, 

( 1 ) Hi-Hi^O, 

where 0 stands for the matrix all of whose elements are zero. 

It should be recalled here that we have already proved 
in § 28, Chap. I that 

Ho Hi = 0 . 

The ranks of the matrices Ho, Hiy Hf, computed modulo 2, 
will be denoted by Qo, Qi, respectively. 

6. From the point of view of Analysis Situs a two-dimensional 
complex is fully described by the three matrices Hi 
for there is no difficulty in proving that if two two-dimensional 
complexes have the same matrices there is a (1-1) con¬ 
tinuous coiTespondence between them. Our definitions are 
such that the boundary of every 1-cell is a pair of distinct 
points and the boundary of every 2-cell a non-singular curve. 
Hence a figure composed of a 1-cell incident with a 0-cell 
or a 2-cell is in (1-1) continuous correspondence with any 
other such figure. 
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If two complexes Ci and Ct have the same matrices their 
0-cells, 1-cells and 2-cells may be denoted by a\, aj, a\ and 
, ftfc in such a way that whenever a} for any values of 
i^j, k is incident with aj or a^, the fej for the same value 
of j is incident with the 6? or 5^ with the same value of i 
or k, A (1-1) continuous correspondence is then set up 
between and by requiring: (1) that a? correspond to 6? 
for each value of (2) that aj and its ends correspond 
to bj and its ends for each value of j in a (1-1) continuous 
correspondence such that the correspondence between the ends 
is that set up under (1), and (3) that al and its boundary 
correspond to hi and its boundary in a (1-1) continuous 
correspondence by which the boundaries correspond in the 
correspondence set up under (2). 

Subdivision of 2-Cells 

7. The properties of a two-dimensional complex will be ob¬ 
tained by studying the combinatorial relations codified in the 
matrices Hq, Hi, Ht in connection with the continuity proper¬ 
ties of the 2-cell. The latter properties, according to the 
definition in § 1, depend on the order relations in a Euclidean 
plane and, in particular, on the theory of planar polygons. 
The theory of polygons can be built up in terms of the 
incidence matrices. For consider a set of n straight lines 
in a Euclidean plane. They separate it into a number of 
planar convex regions and intersect in a number of points 
which divide the lines into a number «i of linear convex 
regions. The oq points can be treated as 0-cells, the «! linear 
convex regions as 1-cells and the planar convex regions 
as 2-cells. Any polygon is a 1-circuit, and the theory of 
linear dependence as developed in our first chapter can be 
applied to the proof of the fundamental theorems on poly¬ 
gons. For the details of this theory, which belongs to affine 
geometry rather than to Analysis Situs, the reader is referred 
to Chapters II and IX of the second volume of Veblen and 
Young’s Projective Geometry. 
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8. The (1-1) correspondence with the interior and bound¬ 
ary of a triangle which defines a 2-cell and its boundary 
determines a system of 1-cells in the 2-cell which are the 
correspondents of the straight 1-cells in the interior of the 
triangle* By regarding this system of I-c'ells as the straight 
1-cdls and defining the distance between any two points of 
the 2-cell and its boundary as the distance between the cone- 
sponding two points of the interior of the triangle, we can 
carry over all the theorems of the elementary geometry of 
a triangle to the 2-celL The notions of distance and straight¬ 
ness so developed, however, are not invariant under the group 
of homeomorphisms, and the corresponding theorems are not 
theorems of Analysis Situs. For purposes of Analysis Situs 
the theorem of interest here is simply that there exists a system 
of 1-cells which are in (1-1) continuous correspondence 
with the straight 1-cells of the interior of a triangle of the 
Euclidean plane. 

Given two circles in a Euclidean plane, it is a simple 
matter to put them and their interiors in (1-1) continuous 
correspondence in such a way that the correspondence thus 
set up between the circles is any preassigned homeomorphism. 
It follows that if definitions of distance are assigned arbitrarily 
along all the 1-cells of any complex C*, definitions of distance 
and straightness can then be assigned to the 2-cells and their 
boundaries in such a way that the distances thus assigned along 
the 1-cells agree with those previously assigned. If a 2-cell 
has only two 1-cells on its boundary, they are necessarily 
curved under the definitions of distance and straightness for 
that 2-cell. Otherwise they can be taken straight. 

9. The following theorems follow immediately from the 
homeomorphism between a 2-cell and the triangle used in 
defining it: 

If two points A and B of the boundary of a 2-cell a* are 
joined by a straight 1-cell a} consisting of points of a^, the 
remaining points of a* constitute two 2-cells each of which 
is bounded by a\ B and one of the two 1-cells into which 
the boundary of a® is divided by A and B, 
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If the boundaries of two 2-cells aj and al have a 1-cell a} and 
its ends in common, and the 2-cells and their boundaries have 
no other common points, then ai, a\ and al constitute a 2-cell. 

If there is a (1-1) continuous correspondence F' between 
the boundaries of two 2-cells a\ and there exists a (1-1) 
continuous correspondence jP between the interior and boundary 
of cii and the interior and boundary of a\ which effects the 
correspondence F' between the boundaries. 

A point of a 2-cell can be joined to a set of points Ai, 
^ 2 , • • •, An of its boundary by a set of 1-cells a\, a\, • • •, 
which are in the 2-cell and have no points in common. The 2-cell 
is thus decomposed into n 2-cells a^, •••, such that the 
sum of their boundaries (mod. 2) is the boundary of a* and 
such that the incidence relations between them and aj, •••, 
are the same as the incidence relations between the 0-cells 
and 1-cells of a 1-circuit. 

Conversely, if aj, a\^ and a\y a-, •••, are 1-cells 

and 2-cells all incident with the same point a® and also in¬ 
cident with one another in such a way that the incidence 
relations between the 1-cells and 2-cells are the same as 
those between the 0-cells and 1-cells of a 1-circuit, and 
aj, a\y ••*, a\ are the only 1-cells that the boundaries of any 
two of the 2-cells a^, a.^, have in common, then the 

point a® and the points of aj, aj, •••, and aj, a?, •••, 
constitute a 2-cell a® which is bounded by the sum (mod. 2) 
of the boundaries of the 2-cells a-, •••, . 

10. The first of the theorems in the last section is a special 
case of the theorem that any 1-cell which is in a 2-cell and 
joins two points of its boundary decomposes the 2-cell into 
two 2-cells. This more general theorem depends on the 
theorem of Jordan, that any simple closed, curve in a Euclidean 
plane separates the plane into two regions, the interior and 
the exterior; and also on the theorem of Schoenflies that 
the interior of a simple closed curve is a 2-cell of which the 
curve is the boundary. 

We shall not need to use these more general forms of the 
separation theorems because we need, in general, merely the 
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existence of curves which separate cells, and this is provided 
for in the theorems of the last section. In connection with 
the Jordan theorem, reference may be made to the proof b}' 
J. W. Alexander, Annals of Mathematics, yol. 21 (1920), p. 180. 


Maps 

11. With the aid of the theorems on separation a 2-cell 
may be subdivided into further 2-cells as follows: Let 
any two points a\ and a® of the boundary of the 2-cell be 
joined by a straight 1-cell a\ consisting entirely of points of 
the 2-cell. The 2-cell is thus separated into two 2-cells a\ 
and a^. The boundary of a* is likewise separated into two 
1 -cells a\ and aj which have a\ and a® as ends. The 0-cells, 
1-cells and 2-cells into which a* is thus subdivided constitute 
a 2-dimensional complex Ci whose matrices are 


-= 1 ' 1 


U, 


1 1 1 i 

111 '’ 



0 


1 

0 

1 


The numbers «o, «!, for Cs are respective!} 2, 3, 2, so that 


«0“«l4'«S “ 1- 


This subdivision of a* may be continued by two processes: 

(1) introducing a point of a 1-cell as a new 0-cell and 

(2) joining two 0-cells of the boundary of a 2-cell by a I-cell 

composed entirely of points of the 2-cell. The first process 
increases the numbers of 0-cells and 1-cells each by 1. The 
second process increases the numbers of 1-cells and 2-cells 
each by 1. Hence any number of repetitions of the two 
processes leave the number wo — + invariant. 

Any two-dimensional complex obtainable from a 2-cell by 
subdivision of the kind described above is called a simply 
connected map\ and it can easily be proved that any two- 
dimensional complex which is homeomorphic with the interior 
and boundary of a 2-cell is a simply connected map. 

The number ag — + determined by any complex 

having ag 0-cells, 1-cells and 2-cells is called the character- 
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Me of Cjj. Thus we have proved that the characterMc of 
a simply connected map is 1. 

12. There are a number of interesting theorems about simply 
connected maps which must be omitted here because they 
are of too special a nature. Many of them are related to 
the/our color problem : is it possible to color the cells of a simply 
connected map with four colors in such a way that no two 
2-cells which are incident with the same 1-cell are colored 
alike? This problem is still unsolved, in spite of numerous 
attempts. In addition to the references in the Encyclopadie, 
Vol. nil, p. 177, the following references may be cited: Birk- 
hoff, The reducibility of maps, American Journal of Mathe¬ 
matics, Vol. 35, p. 115; Veblen, Annals of Mathematics, 
Vol. 14 (1912), p. 86; and an article by P. Franklin in the 
American Journal, Vol. 44 (1922), pp. 225-236. 

Regular Subdivision 

13. It will often be found convenient to work with com¬ 
plexes whose 2-cells are each incident with three 0-cells and 
three 1-cells. Such 2-cells will be called triangles and a com¬ 
plex subdivided into triangles will be said to be triangulated. 
Any complex Ci may be triangulated by the following process 
which' is called a regular subdivision. 

Let Pl{k — 1,2, • • a*) be an arbitrary point of the 2-cell 
ak, 0 1> 2, • • •, tti) an arbitrary point of the 1-cell 

a] and Pi {i = 1, 2, • • •, Wq) another name for the 0-cell aj. 
The points P] {i = 0,1^' = 1,2, • ce,) are to be the 
vertices of the complex (7*. 

Each Pj separates the aj on which it lies into tw^l-cells. 
The 1-cells so defined are to be among the 1-cells of C*. The 
remaining 1-cells of Cs are obtained by joining each pI to 
each of the points jf and Pj of the boundary of oj by a 
straight 1-cell in a\. Each 2-cell a\ is thus decomposed into 
a set of 2-cells each of which is bounded by three of the 
1-cells of Cg, one on the boundary of a\ and two interior 
to a\. The 2-cells thus obtained are the 2-cells of C%. 
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The complex ft is called a regular subdivision of ft and is 
also called a regular complex, No two 0-cells of ft are 
joined by more than one 1-cell of ft. Moreover no 1-cell 
of ft joins two point^Pfc^ Pi which have equal superscripts. 
Hence any 1-cell of may be denoted by PkP{ with 



No three 0-c^ls of ft are vertices of more than one 2-cell 
of ft, and furthermore one of the three vertices incident 
with any 2-cell^ is a P®, one is a Pj, and one is a Pk. Hence 
any 2-cell of ft may be denoted by Pf P] Pk, 

14. Any vertex of ft together with the 1-cells and 2-cells 
which are incident Avith it is called a triangle star, and the 
vertex is called the center of the triangle star. Any point 
P of ft may be taken as the center of a triangle star of ft. 
For if P is on a 1-cell a\ of C\ it can be chosen as the corre- 
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sponding P} and if it is on a 2-ceIl a] it can be chosen as 
the corresponding P**. The set of all triangle stars of a given 
regular complex is such that each point of the complex is in 
at least one of them. 

If Cf is itself regular any two vertices of which are 

within or on the boundary of a triangle star of are joined 
by a 1-celI of 

15. The method of regular subdivision is useful in continuity 
arguments where it is desirable to subdivide a given complex 
into “arbitrarily small” cells. Let a complex in which 
a definition of straight lines and of distance has been intro¬ 
duced as described in § 8, be subjected to a regular subdivision 
into a complex Cl and let be regularly subdivided into C 2 , 
and so on, thus determining a sequence of complexes Cg, 
Cly •••, C 2 i •••, each of which is a regular subdivision of 
the one preceding it. Let us require also that each new' 
0-cell introduced in a 1-cell in the process of subdivision 
shall be the mid-point of the 1-cell, that each point interior to 
a triangular 2-cell (the point pI of § 13) shall be the center 
of gravity (intersection point of the medians) of the triangle, 
and that the 1-cells introduced shall be straight. With these 
conventions, it is evident that for every number d > 0 there 
exists a number such that if w > every 1-cell in 
C 2 is of length less than d. 

16. The relationship between 6g and Cg may be stated as 
follows: (1) each 2-cell au of Cg is composed of pI and M 
the 1-cells P^i PI or P] PI and all 2-cells P'iP]P\y of Cg 
incident with Pk\ (2) each 1-cell a] of Cg is composed of 
P] and the two 1-cells P\ P] of Cg incident with P]; and (3) 
each 0-cell at of Cg is the vertex Pj of Cg. 

Hence the complex Cg may be converted into Cg by a series 
of steps of two sorts; (1) combine two 2-cells whose bound¬ 
aries have one and only one 1-cell in common into a new' 
2-cell, suppressing the common 1-cell and (2) combine two 
1-cells both incident with a O-cell which is not incident with 
any other 1-cell into a new 1-cell, suppressing the common 
0-celI. 
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The £rst type of step requires that the matrix of Cg be 
modified by adding the column representing one of the two 
2-cells to the one representing the other, removing the co¬ 
lumn representing the first of the two 2-cells, and also re¬ 
moving the row corresponding to the 1-cell which is suppressed. 
The row which is removed contained only two Vs before 
the two columns were added, because the 1-cell to which it 
corresponds is incident with only two 2-cells. After the one 
column is added to the other this row contains only one 1 
and this 1 is common to the row and column removed. 
Hence the first type of step has the effect of reducing the 
rank of Hg by 1. 

It also has the effect of removing the column of cor¬ 
responding to the 1-cell suppressed. This 1-cell is on the 
boundary of a 2-cell. Hence the 0-circuit represented by 
the column removed is linearly dependent on the columns 
corresponding to the other 1-cells of the boundary of this 
2-cell. Hence the removal of this column leaves the rank 
of Hi unaltered. 

The first type of step thus changes and into pg —1 
and respectively. It obviously changes «o, cfi, and wg 
into tto. — 1 and «g — 1 respectively. A similar argument 

shows that the second type of step changes pg and into 
^g and — 1 respectively and also changes kq ^ into 

«o — 1, — 1, and ag respectively. Hence the numbers 

ao —«i + «* 

— ^1 — ^2 

are the same for C\ as for Cg. This is a special case of 
the more general theorem, to be proved later, that these 
numbers are invariants of Cg under the group of all homeo- 
morphisms. 

Manifolds and ^-Circuits 

17. By the boundary of a 2-dimensional complex Cg is 
meant the one-dimensional complex containing each 1-cell of 
Cg which is incident with an odd number of 2-cells of Cg. 
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By a 2-dimen8i(mdl circuit or a 2-drcmi is meant a 2-di¬ 
mensional complex Ct Without a boundary such that any 
2-dimensional complex whose 2-celIs are a subset of the 
2-cells of Ct has a boundary. Thus any 2-dimensional complex 
in which each 1-cell is incident with an even number of 2-cells 
is evidently a 2-circuit or a set of 2-circuits having only 
0-cells and 1-cells in common. 

A 2-dimensional complex containing no 2-circuits is called 
a 2-dimensional tree, 

18. By a neighborhood of a point P of a complex C* is 
meant any set 8 of 0-cells, 1-cells and 2-ceU8 composed of 
points of Ct and such that any set of points of having 
P as a limit point contains points on the cells of 8, Thus 
any triangle star of a regular complex is a neighborhood of 
its center. Since (cf. § 14) any point of a complex C* can 
be made a vertex of a regular subdivision of Ct , the process 
of regular subdivision gives an explicit method of finding a 
neighborhood of any point of Cf 

19. If Ct is a 2-oircuit of which every point has a neighbor¬ 
hood which is a 2-cell, then the set of aU points on Ct is called 
a dosed two-dimensional manifold,"^ If Ct is a regular sub¬ 
division of a 2-circuit Ct then it is evident that Ct defines 
a manifold if and only if it is true that for each vertex P 
of Ct the incidence relations between the 1-cells and 2-cells 
of Ct which are incident with P are the same as those 
between the 0-cells and 1-cells of a 1-circuit. 

A set of points obtainable from a closed two-dimensional 
manifold by removing a finite number of 2-cells no two of 
which have an interior or boundary point in common is called 
an opm two-dimensional manifold. In the rest of this chapter 
the term manifold will mean ^'closed manifold” unless the 
opposite is specified. 

20. The simplest example of a two-dimensional manifold 

* We use this term rather than “surface'’ in order to have a terminolojfy 
which may be used without confusion in Algebraic Geometry. In the 
latter science the real and complex points of a surface constitute a four¬ 
dimensional manifold. 
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is one determind by a complex consisting of two 0-cells, two 
1-cells and two 2-cells, each 0-cell being incident with both 
1-cells and each I-cell with both 2-cells. Thus the matrices 
defining the manifold are 

111 

- 1 l! . ^ ^ 

Such a manifold is called a two-dimensional spJiere, It is 
easily seen to be homeomorphic with the surface of a 
tetrahedron. 

21. A simple example of an open manifold, is obtained 
from a rectangle AjBCZ) (Fig. 4) by setting up a 1-1 con¬ 
tinuous correspondence F between the 1-cells AB and CD 
and their ends in such a way that A corresponds to D and B 
corresponds to C, and then regarding the pairs of points 

A _P_ D 


Fig. 4. 

which correspond under F each as a single point of 
This open manifold is called a tube or a cylindrical surface. 
That it satisfies the definition of an open manifold is easily 
proved by dividing the rectangle into 2-cells by a 1-cell 
joining a point P of the side AD to a point Q of the side BC. 
It is bounded by the two curves formed from the 1-cells 
AD and BC respectively. 

Let a (1-1) continuous correspondence F^ be set up between 
the 1-cells AD and BC and their ends in such a way that A 
con'esponds to J?, P to Q, and D to C. A closed manifold T is 
defined by regarding as single points of T each pair of 
points which correspond either under F or under F^. The 
four points A, B^ C, D thus coalesce to one point of T. This 
manifold is called an anchor ring or torus. 

22. If a correspondence G between the 1-cells AB and CD 
and their ends is set up in such a way that A corresponds to C 
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and B to Z>, an open manifold M is obtained by regarding each 
pair of points which correspond under (r as a single point of M, 
This open manifold is called the Mohius hand,"^ A model is most 
simply constructed by taking a rectangle, giving it a half-twist 
and bringing opposite edges together. Thus the rectangle in 
Fig. 4 represents a MObius band (Fig. 5) if we regard as identical 



the two vertices labelled aj, the two edges labelled aj and 
the two vertices a®. If the rectangle be divided into two 
2-cells by the 1-cell al joining the two points aj and a\ we 
obtain the following matrices which describe the Mobius band. 


H,, = 1111, 

1 

1 

10 10 0 1 


1 

1 

10 0 1 10 

! ' 

1 

0 

0 10 0 11 

I , Hi ~ 

0 1 

0 1 1 10 0 


1 0 

0 1 


23. The Mdbius band is bounded by the 1-circuit (0, 0, 
1, 1, 1, 1). If a 2-cell be introduced which is bounded 
by this 1-circuit a complex is obtained whose matrices Hq 
and Hi are the same as and Hi for the Mobius band, 
while 

^ Cf. A. F. Mdbius, Gesammelte Werke, Vol. 2, pages 484 and 519. 
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I 1 0 
1 1 0 
I 1 0 1 
! 0 1 1 
I 1 0 1 ' 

'01 1 ,1 

The set of points on this complex is a manifold homeomorphic 
with the projective plane. Another set of matrices for the 
projective plane and some discussion of its Analysis Situs 
properties will be found in Veblen and Young’s Projective 
Geometry, Vol. II, Chap. IX. 

24. The operation of adding two one-dimensional complexes, 
modulo 2, which was defined in § 15, Chap. I may be ex¬ 
tended to two dimensions as follows. Let Ca und C\ be two 
2-dimensional complexes each of which is a sub-complex of 
a given complex Cl. By 

Ca + C 2 (mod. 2) 

is meant the complex composed of those 2-cells and their 
boundaries which are in either of and C\ but not in both. 
This operation has the obvious property that if and C\ 
are 2-circuits Ci + C\ (mod. 2) is also a 2-circuit or set of 
2-circuits. 

25. Let a sphere, iS', be decomposed into cells by the process 

described in § 11 and let 5 ;, •••, . 9 ^ be p of the 2-cells 
so obtained. Let T*, be p anchor rings no two 

of which have a point in common and which are such that 

(^ ~ 1, 2, •. is a 2-cell of while T* and S have 
no other points in common than those of and its boundary. 
The set of all points on the 2-circuit, 

( 1 ) AT, = + ...-f (mod.2), 

is called a sphere ivith p handles j or an orientaUe manifold 
of genus p, or an orientdble manifold of connectivity 2p-l- 1. 
The proof that the set of points on is a manifold is 
mad(^ by subdividing it into 2-cells. By the same device it 
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is easy to prove that a sphere with one handle is an anchor 
ring. 

26. If one of the anchor rings in the last section is 
replaced by a projective plane, the 2-circuit is easily 
seen to define a manifold. We shall refer to this as a one¬ 
sided manifold of the first kind of genus p—\, or of con¬ 
nectivity 2p. It is easy to verify that a projective plane 
is a one-sided manifold of the first kind of genus zero. 

If two of the manifolds T* are projective planes and the 
rest are anchor rings the 2-circuit M 2 again defines a mani¬ 
fold. This is called a one-sided manifold of the second kind 
of genns p —2, or of connectivity 2p — 1. 

In this section and the last one the terms connectivity 
and genus are used in such a way that 

R,~l -=- 2p + /r 

where iA is the connectivity, p is the genus, and A: = 0 
for an orientable manifold, k 1 for an one-sided manifold 
of the first kind, and k 2 for an one-sided manifold of 
the second kind. 

27. The fundamental problem of two-dimensional Analysis 
Situs is that of classifying all two-dimensional manifolds. 
The solution of this problem is found by proving: (1) that 
for every manifold there is an integer Ri , the connectivity 
(cf. § 29), which is an invariant under the group of all 
homeomorphisms; (2) that there is an invariant property, 
that of “orientableness”; and (3) that any two manifolds 
which have the same connectivity and are both orientable 
or both non-onentable are homeomorphic. From this it will 
follow that the examples given in §§ 25 and 26 include all 
two-dimensional manifolds. 

The proof of the propositions (1) and (2) will be given in 
considerable detail in the following pages because it is the 
basis of important generalizations to w-dimensions. The third 
proposition is covered more summarily because methods of 
proving it are well known and there is no possibility of 
generalizing it directly to rz-dimensions. There is no known 
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system of invariants or invariant properties of n-dimensional 
manifolds which will characterize a manifold completely even 
in the three-dimensional case. 

The Connectivity 

28. The boundary of any of the 2 -cells a^- which enter into 

the definition of a complex C 2 is given by one of the co¬ 
lumns of the matrix H^. The boundary of the complex de¬ 
termined by two of these 2 -cells is evidently the sum (mod. 2 ) 
of the boundaries of the 2 -cells, and therefore is a 1 -circuit 
or set of 1 -circuits composed of cells and aj of C^. By 
a repetition of these considerations it follows that the boun¬ 
dary of any two-dimensional complex composed of cells of 
Ci is a 1 -circuit or set of 1 -circuits which is the sum 
(mod. 2 ) of the boundaries of the 2 -cells of the complex. 
Hence a symbol (a:*!, • • •, Xa) for such a boundary is 

linearly dependent (mod. 2 ) on the columns of 

Moreover if any symbol {xi, x^, • • •. xa) is linearly ex- 
])ressible in terms of the columns of Hi this expression de¬ 
termines a set of 2 -cells of 62 such that the symbol for the 
sum of their boundaries is ixi, Xi, Hence a ne¬ 

cessary and sufficient condition that a set of \-circuits com¬ 
posed of cells of Ci shall hound a complex composed of cells 
of Ci is that its symbol shall he linearly dependent on the 
columns of Hi. 

29. By § 25, Chap. I the number of solutions of the 

equations {Hi) in a complete set is — qi. So this is the 
number of 1-circuits in a complete set. If Qi is the rank of 
Hi, the 1 -circuits which bound complexes composed of cells 
of Ci are all linearly dependent on such 1-circuits. Hence 
a complete set of solutions of {Hi) is obtained by adjoining 
the symbols for «! — —^2 1 -circuits or sets of 1 -circuits 

to ^2 linearly independent columns of Hi. Let us set 

(1) i^i —1 =r ai—Qi — Q^, 

Hence there exist Ri — 1 1-circuits or sets of 1-circuits 
C\, Cl, Ci ^ such that every 1 -circuit composed of 

i' 
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l-cells of 62 is linearly dependent (mod. 2 ) on these and on 
the boundaries of 2 -cells of Ci. 

It can be so arranged that each of (7i\ Cl, • is 

a single 1 -circuit. For if Cl represents more than one 
1 -circuit it is the sum (mod. 2 ) of these 1 -circuits and at 
least one of these must be linearly independent of Cf, •• •, 
and the bounding circuits, for otherwise Cl would it¬ 
self be linearly dependent on them. Let Cl be replaced by 
this non-bounding 1-circuit. In like manner, there is at least 
one one among the 1 -circuits represented by Cl which is 
linearly independent of Cl, Ci, • • •, and the bounding 

1 -circuits, for otherwise Ci would be linearly dependent on 
them. Let Cf be replaced by this 1-circiiit and let a similar 
treatment be applied to Cf, and so on. A set of 1 -circuits 
thus determined is called a coniplete set of iion-hoxmdirif/ 
I’-circuits, It has the properties: ( 1 ) There is no two-dimen¬ 
sional complex composed of cells of Ci which is bounded by 
these I-circuits or any subset of them. (2) If Ci is any 
1 -circuit composed of cells of there is a two-dimensional 
complex composed of cells of Ci which is bounded either by 
Cl alone or by Ci and some of the circuits Cl (i = 1 , 2. 
• • •, — 1 ). The number, i?i, is called the connectivity of 

the complex Cg, or, when it is necessary to distinguish it 
from the other connectivities Ei which are defined later, the 
linear connectivity. 

30. Now suppose that Ci consists of a single 2 -circuit. In this 
case the sum (modulo 2 ) of the 1 -circuits bounding the 2 -cells 
is (0, 0, •• •, 0). This constitutes one linear relation among 
the columns of Hi. There cannot be more than one such 
relation, for this would imply that a subset of the 2 -cells 
satisfied the definition of a 2-circuit. Hence the rank of is 
(ti — 1 . Thus we have 

(2) ^*-«2-l, 
and from § 20, Chap. I we have 

(3) = a© — Eq. 
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But since any 2-circuit is connected, Rq = 1. Hence on com¬ 
bining (2) and (3) with (1) of § 29 we obtain 

(4) tto — ^ 3 ii^i. 


This is one of the generalizations of Euler’s well-known 
formula for a polyhedron. 

31. Since a two-dimensional closed manifold is the set of 
points on a particular kind of 2-circuit the formula (4J of 
§ 30, gives the relation between the connectivity Ri and the 
characteristic of any two-dimensional complex defining a closed 
manifold. In the case of an open manifold, according 
to § 19, the boundary consists of a number of curves. Call 
this number Bi\ Of these curves, — 1 are linearly in¬ 
dependent because otherwise they would be the boundary of 
a manifold contained in ilfg, contrary to definition. As in 
§ 29, a complete set of 1-circuits in the comjjlex Ci defining 
M% may be taken to consist of Qi bounding 1-circuits and 
Rx — 1 non-bounding 1-circuits; and of the latter, Bi — 1 may 
be taken to be circuits of the boundary of M^. Hence if 
Rx —Bx ” J^i — 1, the non-bounding circuits in the complete 
set comprise Bx — 1 from the boundary and Rx — 1 others. 

If (7g be modified by introducing Bx 2-cells each bounded 
by one of the Bx 1-circuits of the boundary, C* becomes a 
2-circuit Cl of ag + H, 2-cells, «! 1-cells, and ao 0-cells in 
which Hi — 1 of the non-bounding circuits of Cg have become 
bounding circuits. Hence Cl has the connectivity Hj. Hence 


and 


«o —«i + a8 + Hi = 3 —Hi, 


«o — «i + “ 3 — Hi — Bx 

2 —Hi 


which is the formula for the characteristic of a complex 
defining an open manifold of two dimensions. The same 
formula holds for any connected two-dimensional tree, as 
follows from (1) and (3) and the fact that 
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Singular Complexes 

32. The cells a?, aj, which enter into the definition of a 
complex are all non-singular and their boundaries are also 
non-singular. This restriction was necessary in order to 
obtain the theorem of § 6 that the matrices Ho, fully 
determine the complex. In many applications, however, it is 
desirable to drop the restriction that the boundaries of the 
cells referred to in the matrices Hi shall be non-singular. 
The results of the theory of matrices can in general be 
applied whenever it is possible to subdivide the cells having 
singular boundaries by means of a finite number of 0-cells 
and 1-cells in such a way as to obtain a complex of non¬ 
singular cells with non-singular boundaries. 

For example, in § 21 the anchor ring was defined as 
consisting of one 0-cell, represented by the four vertices ot 
the rectangle, two 1-cells represented bj^ its pairs of opposite 
edges, and one 2-cell. The matrices of incidence relations 
of these cells are 

Ho = 111 I . H, - l|0 0||. U, =* ||®|. 

Thus (»o “ Q\ 0, (>2 “ 0, cfo ~ 1, 0^1 “ 2, ofg -- 1. 
Hence 

/vi ~ 3—(«o — — 3 

~ «i — ei —^2 + 1 • 


If the rectangle is subdivided into triangles so that a non¬ 
singular complex is obtained it will be found that the same 
value for Ri will be obtained from the non-singular complex 
as from the singular one. 

33. The notion of a singular complex on a one-dimensional 
complex, as defined in § 8, Chap. I, can be generalized directly 
to two dimensions as follows: 

Let Cg be a two-dimensional complex, (?' a generalized 
complex of zero, one or two dimensions*, and Fa correspondence 

* The definition ma}’ be extended so that C is of any number of 
dimensions. 
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in which each point of V coiTesponds to one point of a set 
of points \P] of Ct while each P is the correspondent of 
one or more points of O'. If C' is of one or two dimensions 
we require F to be continuous. Under l/hese conditions, any 
point X of C' associated with the P to which it corresponds 
under P is called a point on it is referred as the image 
of X under F and is uniquely denoted by FiX)\ it is said 
to coincide with P and P is said to coincide with it. The 
point F{Xi) is called a limit point of the points F{X) 
if A^i is a limit point of the points X. The set of all 
points F{X) on is in a (1-1) continuous correspondence 
with the points of C and thus constitutes a complex (7" 
identical in structure with C". The complex C" is said to 
be on Cf If any of the points P is the correspondent 
under F of more than one point of C\ C" is called a singtUar 
complex on C\ and the point P in question is called a singular 
point If P is (1-1), C*' is said to be non-singular, A cell 
of P" is said to coincide with a cell of Ci if and only if the 
two cells are in (1-1) continuous correspondence, under P. 

In case C" is two-dimensional and such that there is at 
least one point of C* on each point of Cg and if, furthermore, 
there exists for every point of C" a neighborhood which is 
a non-singular complex on Cg, then C" is said to covo' Ct, 
Ill case the number of points of C" on each point of Cg is 
finite and equal to ?^, 6'" is said to covej' (\ n thncs 
(cf. § 9, Chap. I). 

34. Any 2-circuit which is not a manifold can be regarded 
as a singular manifold. For let (7g be an arbitrary 2-circuit. 
Each of its edges, aj, is incident with an even number, 
2nt of 2-cells. These 2-cells may be grouped arbitrarily in 
u,* pairs no two of which have a 2-cell in common; let these 
be called the pairs of 2’cells associated with a\. Let Ci be 
a 2-circuit on (\ such that (1) there is one and but one 
2-cell of Cl coinciding with each 2-cell of Cg, (2) there are 
nx 1-cells of Cl coinciding with each 1-cell a] of Cg, each 
of the m 1-cells being incident with a pair of 2-cells of a 
which coincide with one of the pairs of 2-cells associated 



HM-85] 


TWO-DIMENSIONAL COMPLEXES. 


57 


with and (3) there is one 0-cell of C 2 coincident with 
each 0-cell aj of this 0-cell being incident with all the 
l-cells of a which coincide with 1-cells of Cg incident 
with aj. Thus Ci has two 2-cells incident with each of its 

1- cells. 

The incidence relations of the 1-cells and 2-cells of Ci which 
are incident with a vertex a® of C' are the same as those 
of the 0-cells and 1-cells of a linear graph and since there 
are just two 2-cells incident with each 1-cell this linear graph 
consists of a number of 1-circuits having no points in common. 
Let any set of 1-cells and 2-cells of Ci which are incident 
with aj and whose incidence relations with one another are 
those of a 1-circuit be called a group associated with a?. 
Let Cj' be a 2-circuit on Ci such that (1) there is one and 
but one i-cell (i = 1, 2) of Ci' coinciding with each i-cell 
of Cij (2) the incidence relations between the 1-cells and 

2- cells of Ci' are the same as those between the cells of Ci 
with which they coincide, and (3) there is one 0-cell of Ci' 
for each group associated with each vertex a® of C' and 
this 0-cell is coincident with aj and incident with those and 
only those 1-cells and 2-cells of Ci' which coincide with 
1-cells and 2-cells of the group. The set of points on the 
complex Ci' is a two-dimensional manifold, by § 19, and 
Ci' is a singular complex on Cg. Hence Cg may be obtained 
by coalescing a certain number of 1-cells and 0-cells of 
a manifold. 

Bounding and Non-bounding i-Circuits 

35. Having defined what is meant by saying that a com¬ 
plex Cn (n = 0, 1,2) is on a complex Cg, we can now state 
and solve the problem of bounding and non-bounding circuits 
in a perfectly general form: Oivm any set of l-circuits Ki 
on a complex Ct , does there exist a two-dimensional complex Ks 
on Cg which is hounded by Ki Y 

In spite of the generality of the complex A\, and because 
of the generality of JSTg, this problem is free from many of 
the difficulties inherent in such point-set theorems as those 
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of Schoenflies and Jordan. This will be illustrated by the 
simple case considered in the next section. 

36. Any closed curve, singular or not. which is on a 2-cell a* 
and its boundary but does not pass through every point of «* 
is the boundary of a 2-cell on Let r be the given curve 
and O a point of a- not on r. Let OX be the straight 
1-cell joining 0 to a variable point X of c. Let O' be 
a point interior to a triangle t of a Euclidean plane and let 
X' be a variable point of the boundary of this triangle. Let 
F be a continuous (1 1) correspondence between the set of 
points [A'I and the set of points [X]. If we let each point 
of O'X' correspond to the point of OX which divides it in 
the same ratio, a continuous correspondence F' is defined 
in which each point of the interior and boundary of the 
triangle t corresponds to one point of a*. By § 1 there is thus 
defined a 2-cell (in general, singular) which is bounded by c. 

It is not essential that O shall not coincide with a point 
of c, for in case X coincides with 0 the interval OX may 
be taken to be a singular one coinciding with O. Hence 
we have without restrictions the theorem that any closed 
curve on a 2-cell a is the boundary of a 2-cell on a. 

The theorem may be generalized slightly as follows- Any 
curve c on a triangle star and its boundary (§ 14) is the boundary 
of a 2-cell on the triangle stai . The 2-cell is constructed as 
above, taking the center of the triangle star as O, 

Congruences and Homologies, Modulo 2 

37. Before going on to the solution of the problem stated 
in § 35, let us introduce a notation which is adapted from 
that of Poincare. We shall say that a complex Cn (n — 1, 2) 
is congruent {mod. 2) to a set of {n —l)-circuits Gj-i if and 
only if Cn~\ is the boundary of fn. This is represented by 
the notation 

(1) = ('„_i (mod. 2). 

In case Cn-i fails to exist, so that Cn is a set of /^-circuits, Cn 
is said to be (ongruent to zero {mod. 2 ) and (1) is replaced by 
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(2) Cn = 0 (mod. 2). 

Expressions of the form (1) and (2) are called congruences 
{mod. 2). They have been defined thus far only for n = 1 
and n = 2y but these definitions will apply for all values 
of n as soon as the terms complex, n-circuit, and boundary of 
an w-dimensional complex have been defined for all values of n. 

Both in the one- and two-dimensional cases it is evident 
that when two complexes are added (mod. 2) the boundary 
of the suiii is the sum (mod. 2) of the boundaries. Hence 
the sum (mod. 2) of the left-hand members of two congruences 
is congruent to the sum (mod. 2) of the right-hand members. 
Or, more generally, any linear combination {mod. 2) of a numhet' 
of valid congruences (mod. 2) of the same dimensionality is a valid 
congruence {mod. 2). 

38. With respect to a complex-r a complex G,-ris said 
to be homologous to zero (mod. 2) if and only if it is the 
right-hand member of a congruence such as (1) in which Ct, 
represents a complex on C. This relation is indicated by 

(3) Cn-i'^O (mod. 2). 

Thus 

6o ^ 0 (mod. 2) 

means that Cq represents a set of 0-circuits which bound 
a one-dimensional complex on C, and 

Cl ~ 0 (mod. 2) 

means that Ci represents a set of 1 -circuits on C which bound a 
two-dimensional complex on C. Thus in every case, (3) implies 

(4) Cn-i = 0 (mod. 2), 
but (4) does not imply (3). 

From the corresponding proposition in the last section it 
follows at once that any linear combination {mod. 2) of a set 
of valid homologies {mod. 2) is a valid homology (mod. 2). 
A homology, 

(5) Cn-i + CU-O (mod. 2), 
is also written 

(6) C„_i -- Cn-i (mod. 2). 
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The homology (6) evidently means that there exists a complex CV* 
on (7 which is bounded by Cn-i and Cn-i. 

If Cl is a 1-circuit obtained by introducing new vertices 
in a 1-cii'cuit Ci, it is evident that 

Ci~Ci (mod. 2), 

because Ci and Ci bound a singular two-dimensional complex 
coincident with them both. 

The Correspondence A 

39. The first step toward jthe solution of the problem of 
§ 35 will be to show that if C% is a regular subdivision of 6*, 
then for any 1-circuit Ki on C* there is a set of 1-circuits 
K[ composed of cells of C* such that 

(1) Kio^Ki (mod. 2). 

This has the consequence that any homology among 1-circuits 
can be replied by one in which each 1-circuit is composed 
of cells of C%\ and the problem of § 35 is reduced to that 
of finding a necessary and sufficient condition that 
(mo^ 2) if Ki represents a set of 1-circuits composed of cells 
of 0%, The next three sections aim at establishing the 
homology (1). 

40. Let be a one- or two-dimensional complex on a two- 
dimensional complex . Let Ci be a regular subdivision 
of Cf . Let a definitwn of distance and straightness be 
introduced relative to C*, and let C% be a regular subdivision 
of Cl whose 1-cells are all straight. The triangle stars 
of Cl constitute a set of overlapping neighboorhoods such 
that every point of (7* is interior to at least one of these 
neighborhoods. Hence by simple continuity considerations 
(Heine-Borel theorem) K can be subdivided, by introducing 
new vertices if it is of one dimension, or by the process of 
regular si^division (§13) if it is of two dimensions into a 
complex K such that for each 1-cell or 2-cell of K there 
is a triangle star of Ci to which it is interior. 



«f 80-41] 


TWO-DIMENSIONAL COMPLEXES. 


61 


Those of the triangle stars of C* whose centers are vertices 
of Ci have the property that any point of is either interior 
to one such triangle star or on the boundaries of 2 -cells 
from two or more such triangle stars. Let us designate as 
a correspondence A any correspondence of the vertices of K 
with those of by which each vertex of K which is interior 
to a triangle star of Cs having a vertex of Ct as center 
corresponds to this center, and each vertex of K which is 
on the boundary of two or more such triangle stars corresponds 
to the center of one of them.* Thus a correspondence A 
determines a unique vertex of for each vertex of K, 
This construction is such that any triangle star of 62 which 
contains a vertex of K has the 0 -cell of 62 to which this 
vertex corresponds on its interior or boundary. Moreover 
any two vertices of K which are ends of the same 1-cell 
of K coincide with points of the same triangle star of G ^nd 
hence correspond to points of C\ of the interior or boundary 
of this triangle star. Hence they correspond either to the same 
vertex of Ci or to the two ends of a 1 -cell of ft (Cf. § 14). 
In case K is two-dimensional it follows similarly that any 
three vertices of K incident with the same 2-cell of K coiTespond 
to one or more vertices of a single 2 -cell of C\. 

41. Let the 0-celIs, 1 -cells and 2-cells of ft be denoted 
by cj, (^ 2 ’, • ■ •, c"^; c\, c\, ■ • •• ; and c\, respectively; 

and thosp of K by hi, lc 2 , ■ ■ ■. h\, • • •, ii, h\, • • •. 

respectively. Having fixed on a correspondence A between 
the vertices of K and those of ft, let each 0-cell A:? be 
joined by a straight 1 -cell h] to the corresponding vertex 
of ft in case A:? does not coincide with its correspondent; and 
if hi does coincide with its con'espondent let it be joined to 
its correspondent by a singular 1 -cell h] coinciding with it. 
The two ends of a 1 -cell k] are thus joined by two 1 -cells 
and hi either to the same vertex of ft or to the two ends 

* This is essentially the same as requiring (with Alexander, in the paper 
cited in our preface) that each vertex of K shall correspond to the nearest 
vertex of Os, or to one of the nearest if there are more than one. 
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of a 1-cell Cp of Cs. In the first case O] and are the 
1-cells of a 1-circuit and in the second case kl, bj, hi and cj, 
are the 1-cells of a 1-circuit. In either case there is a single 
triangle star of Ci which, with its boundary, contains the 

1- circuit. Therefore by § 36 the 1-circuit bounds a 2-cell 
bi on Ci. Thus each 1-cell of K determines a 2-cell bi. 
The complex composed of the 2-cells hi and their boundaries 
is called 

42. The incidence relations between the 1-cells b] and the 

2- cells bl of B 2 are the same as the incidence relations between 
the 0-cells and 1-cells of K. Hence, in particular, if K is 
a 1-circuit or set of 1-circuits, iTj, the sum (mod. 2) of the 
boundaries of the 2-cells bl contains none of the 1-cells h]. 
Hence the boundary of B^ can consist only of cells of 
and of Ci. Hence the boundary of /?« is either TTi alone 
or Kx and a set of 1-circuits composed of cells of C\. Let 
the latter set of 1-circuits be denoted by K[. 

Hence we have the congruence. 

(2) BiZ^Kx+K[ (mod. 2) 

in which K'\ is either zero or a set of 1-circuits composed 
of cells 01 Ci. From this there follows the homology 

(1) Ky<^K[ (mod. 2) 

which we have been seeking. 

43. If K[ is zero the question as to whether Ky satisfies 
a homology 

(3) Kx ~ 0 (mod. 2) 

is answered in the affirmative. In any other case, since K[ 
is composed of cells of C* it is represented by a symbol 
(a"i, xj, . •). If this symbol is linearly dependent on 
the columns of the matrix Hg for (g, 

K[ ~ 0 (mod. 2) 

according to § 28. Moreover K[ cannot bound a complex 
composed of cells of 6'g unless its symbol (ai, ^rg, • • •. Xa) is 
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linearly dependent on the columns of . If, therefore, we 
can prove that K[ cannot bound any complex on Cg unless it 
bounds one composed of cells of Cg, it will follow that (3) is 
satisfied if and only if (xi,x 2 , is linearly dependent 

on the columns of Hg. This we proceed to do, thus com¬ 
pleting the solution of the problem stated in § 35. 

44. Let us return to the notations of §§ 40 and 41 and 
suppose that is a two-dimensional complex Zg. The three 

1- cells k]y kjj k] of incident with a 2-cell lip of Kz have 
been seen to determine three 2-cells Ih^ hj^ h]. These 2-cells 
are incident by pairs with the 1-cells joining the three vertices 
of kp to their correspondents under the correspondence A, 
The vertices of Cg to which the vertices of k], correspond 
are either the three vertices of a 2-cell of or the two 
ends of a 1-cell of Cg or a single 0-cell ofCg. In the first 
case the 2-cells, k],^ 6?, h], lit and c\ are the 2-cells of a 
sphere; in the second and third cases the 2-cells /c;,, ?4, 
and hi are the 2-cells of a sphere. Let the sphere which 
is thus in every case determined by k]> be denoted by S?, 

A 2-cell h] is in an odd number of these spheres if and 
only if it is incident with a 1-cell k\ of the boundary of iifg. 
Hence the result of adding the spheres Si to (mod. 2) 
is either zero or a complex K'z the 2-cells of which are either 

2- cells of Cg or 2-cells h\ determined by the 1-cells of the 
boundary of ATg. In particular, if Ag is a 2-circuit, either K* 
is the sum (mod. 2) of the spheres Si or ATo is composed 
entirely of cells of Cg. 

45. If ATg has a boundary, so that 

(4) Ag = K, (mod. 2), 

the result of the last section is that by adding a number of 
congruences, 

(5) Si = 0 (mod. 2), 
to (4) we obtain a congruence, 

(6) iCz = ATi (mod. 2), 
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such that all 2-cells of K '2 are either 2-cells of C 2 or 2-cells 
h] determined by the boundary of Ki. The complex B'l 
composed of the latter 2-cells and their boundaries is such that 

(7) = + (mod. 2) 

where K'l is composed of 0-cells and 1-cells of 64. On 
adding (6) and (7) we obtain a congruence 

(8) (mod. 2) 

in wich the left-hand member represents a complex composed 
only of cells of t\. 

46. It is now easy to obtain the result required at the 
end of § 43, nam^y that if a set of 1 -circuits Ki is com¬ 
posed of cells of (\. then 

Ai ~ 0 (mod. 2) 

implies that K'l is the boundary of a complex composed of 
cells of Ci . Taking a complex bounded by K [, we subdivide 
it as above, preliminary to setting up a correspondence A, 
and denote by Ki the corresponding subdivision of Ai. Thus 
we have a congruence like (4) of the last section, consequently 
one like (8) derived from it. But in this case the K\ con¬ 
structed in the last section is easily seen to be identical 
with K[, Hence (8) states that Al is the boundary of a 
complex composed of cells of 

Invariance of 

47. An immmediate corollary of what has just been proved 

is that the 1-circuits of a complete set (§ 29) 

of non-bounding 1-circuits of 64 are not connected by any 
homology of the form 

(1) 6?;* + (?;*+•••+ Cf ~ 0 (mod. 2) 

in which the superscripts are distinct integers less than JSi. 
Moreover if Ai is any 1-circuit on Cs it satisfies a homology 
of the form 

(2) + ••• (mod. 2) 
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in which the terms of the right-hand member represent 
1-circuits of the complete set. For by § 42 

(3) Ki ~ iCi (mod. 2) 

in which K[ is zero or a set of 1-circuits composed of cells 
of and by § 29 K[ is homologous to a combination of 
1-circuits of the complete set. 

48. But if kI, Kly • • •, Kx is any set of 1-circuits such that 

(1) any 1-circuit is homologous to a linear combination of 

them and (2) there is no homology relating them, it is easily 
proved that N — — 1. For by the properties of the 

1-circuits Cl, Cl, • • •, there are N homologies like (2), 

(4) ~ 4 - + • • • + (mod. 2), 

one for each value of j from 1 to N, If N>Ri — 1 the 
right-hand members of (4) must satisfy a homology because 
there are only Ri — 1 Ci’s. But this is contrary to the property 

(2) of the ^i*’s. Hence N>Rx — 1 is impossible. In like 
manner, inverting the roles of the Xi’s and the Ci's. it follows 
that Ri — 1>N is impossible. Hence N = Rj — 1. 

Any homeomorphism of Ci obviously transforms a set of 
1-circuits ATi, • • •, satisfying the conditions (1) and (2) 
into a set of 1-circuits satisfying the same conditions. Since 
X — Rj — 1 for every such set of 1-circuits, it follows that 
Ri is an Analysis Situs invariant of the complex C\, 

49. It was proved in § 16 that the expression in the right- 
hand member of 

Ri — l = «! — — ^2 

is the same for 0% as for Cg. Now let Ci be sudivided into 
any set ^ cells which form a non-singular complex X^ on 
and let X^ b^ a regular subdivision of Zg. The complex Zg 
can replace Ci in the discussion above and hence Zg has the 
same connectivity, Zj, as (7g. Hence Zg and Ci have the 
same connectivity. In other words any two complexes have 
the same connectivity if they are identical as sets of points 
and the cells of each are non-singular on the other. 


5 
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It should perhaps be remarked that the relation between 
Kt and Ci may be quite complex in spite of the fact that 
each cell of is non-singular on Ci and vice vet^a. For any 

1 - cell of K 2 may intersect any number of 1 -cells of Ci in an 
infinite set of points, and any 2 -cell of Ki may have an in¬ 
finite set of regions in common with any 2 -cell of 

Invariance of the 2-Circuit 

50. If K 2 and Ci are related as described in the last section, 
Kt is a ^-circuit if and only if ft is a 2-ciraiit. Since the 
relation between ft and is reciprocal this theorem will be 
established if we prove that if is a 2 -circuit then ft is one. 
Also it is evident that C 2 or is a 2-circuit if and only if a 
regular subdivision of it is a 2-circuit. Hence we replace ft 
by its regular subdivision 6 * as in § 40 and construct the 
spheres S 2 as in § 44. By § 44 the result of adding the 
spheres S 2 to Ki (mod. J) is either zero or a set of 2 -circuite 
composed of cells of ft. If it were zero the 2 -circuit Ki 
would be the sum (mod. 2 ) of the spheres 82 * But this is 
impossible, as shown by the following theorem. 

51. There is no set of 2‘Ciraiits Kl on a 2-circuit Ci such 
that (1) for each 2-circuit Kl there is a 2-cell of Ci on which 
then'e is no point of Kl and (2) the sum {mod. 2) of the 2- 
circuits Kl is ft. 

To prove this theorem, we suppose that there is a set of 

2- circuits Kl having the property ( 1 ). We let these 2-circuits 
take the place of iT in § 40, make the regular subdivision 
of ft into ft and Kl into Kl, construct a correspondence A 
and obtain a set of spheres 82 (which, of course, must not 
be confused with those in § 50). When the spheres having 
2-cells in_ common with one of the 2-circuits Kl are added 
to this kl the result is either zero or a non-singular set of 
2-circuits composed of cells of 62 . But since ft is a 2-circuit 
the only 2-circuit composed of its cells is ft itself. Since 
there is one 2-cell of ft which contains no point of Kl it 
follows that the sum of Kl and the spheres Si determined 
by its 2 -cells is zero. 
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Obviously if each of two 2-circuits is such that the sum 
(mod. 2 ) of it and the spheres 82 determined by its 2 -cells 
is zero the same is true of the sum (mod. 2 ) of the two 
2-circuits. Hence the sum of all the 2-circuits M has this 
property. On the other hand the 2-circuit ft is such that 
the sum of it and the spheres Si determined by its 2 -cells 
is ft itself. Hence the 2-circuits Kl do not have the 
properly ( 2 ). 

52. Letting the 2-circuit and the spheres Si of § 50 
take the place of the 2 -circuit 62 .and the 2 -circuits K2 of 
§ 51 it follows from the theorem of § 51 that is not the 
sum (mod. 2) of the spheres Si, Hence the sum (mod. 2) 
of K2 and the spheres Si is a set of 2-circuits composed of 
cells of 62 • We shall prove that these 2 -circuits constitute ft. 
If they did not, let them be denoted by ft', let be one of 
the 2 -cells of ft which is not on ft', and let K 2 be regularly 
subdivided into a complex Ki which has at least one 2 -cell 
which is interior to <^, 

The complex ft' is composed of non-sigular cells on Kl 
and hence ft' and K 2 can replace Ki and ft respectively in 
the construction used in § 50 for the spheres Si, Thus a set 
of spheres can be found which when added to a regular sub¬ 
division of ft' give a set of 2 -circuits ft" composed of cells 
of a regular subdivision of Ki, It follows from § 51 that ft" 
is not vacuous. Since and its regular subdivisions are 
2 -circuits, ft" must be identical with the regular subdivision 
of Ki This is not possible unless there is a point of ft' on 
each 2-cell of Kn, But this implies that there is a point 
of ft' on (^j contrary to the hypothesis that is not a cell 
of ft'. Hence ft' coincides with ft, as we wished to prove. 

Now by reversing the whole process we can show that 
any one of the 2 -circuits that compose ft' will yield a sub¬ 
division of the 2-circuit Kt, Hence there can be only one, 
and the proof of the theorem of § 50 is complete. 

53. It is an obvious corollary of this theorem that the 
property of a two-dimensional complex, of being a 2 -circuit, 
is an Analysis Situs invariant. For if ft and ft are two 
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complexes which are homeomorphic, the homeomorphism defines 
a non-singular complex Kt on C* such that each cell of Kt 
is the image of a cell of 6 ?*. By definition, is a 2-circuit 
if and only if is a 2 -circuit, and by the theorem of § 50 
K 2 is a 2 -circuit if and only if Ci is a 2 -circuit. 

It is an obvious corollary of this result that the property 
of a complex, that it defines a manifold, is also an Analysis 
Situs invariant. In other words, any complex into which 
a manifold can be subdivided, satisfies the conditions laid 
down in § 19. 

Matrices of Orientation 

54. Let us now convert the 1-dimensional complex com¬ 
posed of the 0 -cells and 1 -cells of 62 into an oriented one¬ 
dimensional complex in the fashion described in §§ 33 to 40 
of Chap. I. The oriented 0 -cells are 


the 1 -cells are 

and the relations between them are given by the matrices 
Eq^ satisfying the relation 

Eo-Ei 0. 

Each of the columns of is the symbol for a 1-circuit 
which, according to § 35, Chap. 1 , determines two oriented 
1 -circuits. The symbol for either of these oriented 1-circuits 
may be obtained from the corresponding column of by 
changing some of the I’s to —I's. Hence by changing 
some of the I’s in to —I’s there is determined a matrix 

^2 = Kj; 3 = 1 , 2 , •••,02) 

each column of which represents an oriented 1 -circuit and 
is therefore a solution of the equations (Ej), §42, Chap. 1 . 
Hence 

El . E^ = 0. 
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As an example, a matrix for the tetrahedron in Fig. 1 , 
page 2, is (cf. in § 4) 

0—1 10 
1 0—1 0 

— 110 0 

1 0 0 —1 * 

0 1 0—1 

0 0 1—1 

A further example is furnished by the projective plane, 
for which (cf. §§ 22 , 23) 

1 1 0 

— 10 10 0 1 1—10 

__ 1 0 0 — 1—1 0 _ 1 0—1 

" 0 — 1001 — 1 ’- 01 — 1 * 

0 1—110 0 10 1 

0 1 1 i 

Note that the rank of for the tetrahedron is 3, or 02 —1, 
and for the projective plane is 3 , or ag. 

55. Let us denote the ranks of by ro,ri,r 2 

respectively. We have seen that 

r© = iZo 

Ti = 

and that in case 62 is a 2 -circuit, 

It is impossible that r 2 should be less than — 1 because 

this would imply a linear relation involving at most — 1 
columns, with relatively prime coefficients, and hence on 
reducing modulo 2 , that the same statement was true of the 
columns of Hf, contrary to §30. Hence there remain two 
possibilities 


for any Ci which is a 2-circuit. The examples in the last 
section show that both possibilities can be realized. 
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66. A 2-circuit 0% such that r* = a* —1 has the property 
that if the boundaries of its 2-cells are converted into onented 
1-circuits in any way, they will satisfy a linear relation with 
integral coefficients. For the columns of F* represent a set 
of oriented 1-circuits, one bounding each 2-cell, and since 
rg = ag —1 they are subject to one linear relation, 

(1) Cl -f- Cg + • • ' “I* ba^ C'a, — 0 

in which the c’s represent the columns of Bg and the 6’s are 
positive or negative integers or zero. If the coefficients are 
divided by their highest common factor, and then reduced 
modulo 2, this relation must state thajt the sum of the columns 
of Hg is zero. Hence the relation must involve all columns 
of Eg, 

In case Cg has the property that each 1-cell is incident 
with two and only two 2-cells (for example, if it is a manifold), 
if an oriented 1-cell oj is to cancel out, the two oriented 
1-circuits formed from the boundaries of the 2-cells incident 
with aj must appear in (1) with numerically equal coefficients. 
It follows that the coefficients of (1) are numerically equal 
and therefore that by removing a common factor (1) can be 
reduced to a form in which 6, — zb 1. 

Hence by multiplying some of the columns by — 1, Eg can 
be reduced to a form in which the sum of the columns is 
zero. The columns of Eg then represent a set of oriented 

1- circuits such that if cr^ is any oriented 1-cell formed from 
a 1-cell of Cgj one of these 1-circuits contains and another 
one contains —Consequently if Cg has the property 
that each of its 1-cells is incident with two and only two 

2- cells, the boundaries of its 2-cells can be converted into 
oriented 1-circuits in such a way that their sum is zero. 

Orientable Circuits 

57. The theorem of the last section is that if vg = ag — 1 
for a 2-circuit Ci, the boundaries of the 2-cells of Cg can be 
converted into oriented 1-circuits in such a way that they 
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satisfy a linear relation. If r, = a, the boundaries of the 
2-cells evidently cannot be thus oriented. In the first case 
is said to be two-sided or orientahle and in the second case 
to be one-sided or non-orientahle. A manifold is said to be 
orientahle or non-orientahle according as the complex defining 
it is or is not orientahle. This extension of the term is 
justified by the theorems of §§ 58-60 below, according to which 
the complexes defining a given manifold are all orientahle 
or all non-orientable. 

This definition is equivalent to the one given in 1865 by 
A. F. MObius, Cber die Bestimmung des Inhaltes eines Poly- 
eders, Werke, Vol. 2, p. 475; see also p. 519. The term 
^‘orientahle” was suggested by J. W. Alexander as preferable 
to “two-sided” because the latter term connotes the separation 
of a three-dimensional manifold into two parts, the two “sides,” 
by the two-dimensional manifold, whereas the property which 
we are dealing with is an internal property of the two- 
dimensional manifold.* 

The intuitional significance of orientableness is perhaps best 
grasped by experiments with the well-known MObius paper 
strip described in the article referred to above. These ex¬ 
periments can also be used to verify the theorems on de¬ 
formation and on the indicatrix in Chap. V. 

58. Suppose that a 2-cell a\ of a complex Cj, the cells of 
which have been oriented in the manner described above, is 
separated into two 2-cells by a 1-cell The two new 2-cells 
are bounded by two 1-circuits which have a‘ in common. 
It is easily seen that if is either of the oriented 1-cells 
formed from a}, two oriented 1-circuits can be formed from the 

* On the relation between orientableness and two-sidedness, see E. Stei- 
nitz, Sitzungsberichte der Berliner Math. Ges., Vol. 7 (1908), p. 36; and 
D. E6nig, Archiv der Math. u. Phys., 3d Ser., Vol. 19 (1912), p. 214. The 
term orientahle (orientierbar) has also been used by H. Tietze in an article 
in the Jahresbericht der Deutschen Math. Ver., Vol. 29 (1920), p. 96, which 
came to my attention while these lectures were in proof-sheets. This 
article contains a general discussion of orientability covering a number of 
the questions referred to in the beginning of Chap. V below, and also 
a useful coUection of references. 
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boundaries of the two new 2 -cells in such a way that one 
of them contains and the other contains — Hence the 
sum of these oriented 1 -circuits is one of the two oriented 
1 -circuits which can be formed from the boundary of a|. 

The complex C% is converted into a hew complex 6 $ by 
intoducing the new 1 -cell a' and subdividing a\. The matrix 
of C 2 has one row and one column more than the matrix 
of Ca, and by the paragraph above can be converted into the 
matrix E^ for Ca by adding the two columns corresponding to 
the two new 2 -cells and striking out the row corresponding 
to a'. These operations evidently reduce the rank by 1 . 
Hence the rank of E^ for C 2 is equal to the number of 2-cells 
of C 2 if and only if the rank of E^ for Ca is equal to the 
number of 2 -cells of 63 . 

Since a regular subdivision of Ci can be effected by the 
two operations of introducing new 0 -cells on the 1 -cells of Cg 
and separating the 2 -cells into new 2 -cells by 1 -cells, it follows 
from the theorem just proved that any regular subdivision of 
Cl is such that 

Vi = ftg — 1 

if and only if Ci has this property. 

59. If Ct is a 2-circuit and Oi is any 2-circuit homeomorphic 
with Cl , let Ki be the 2 -circuit on Cg whose cells are respect¬ 
ively homeomorphic with the cells of As in § 50 Cg and A'g 
may be regularly subdivided into Cg and Ki and a jet of 
spheres 82 constructed such that the sum (mod. 2 ) of Ki and 
the 2-drcuits defining these spheres is Cg. For each 2-cell 
of Ki there is one and only one sphere 82 which has l^p as 
one of its 2 -cells. 

If Ki is such that rg — ag — 1 , Ki has the same property, 
that is to say, some linear combination of the oriented boun¬ 
daries of its 2-cells sums to zero. Each of the spheres 82 
obviously has this property also. The set of oriented 

1 - circuits which can be formed from the boundaries of the 

2 - cells of Ki and of the spheres 82 is therefore subject to one 
linear relation involving the oriented 1 -circuits of Ki and 
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one analogous linear relation for each of the spheres Si- Since 
each Si has just one 2-cell in common with Z,, the linear 
relations corresponding to the spheres Si can be multiplied 
by integers and added to the linear relation corresponding 
to Kf in rach a way that all terms involving oriented 1- 
circuits of iST* cancel out, thus giving a linear relation, i2, among 
oriented 1-circuits bounding 2-cells of the spheres Si which 
does not involve any oriented 1-circuit bounding a 2-cell of K^- 

Among the 2-cells of the spheres Si are the 2-cells 6? each 
determined as explained in § 41 by a l-cell k\ of Zg. Each such 
2-cell is in the spheres Si corresponding to the 2-cells of Z* 
incident with the k] in question, andjio others. Since the 
oriented circuits bounding 2-cells of Zj which are incident 
with k] were cancelled out in forming Z, the oriented 1-circuit 
formed from the boundary of hi is also cancelled out. Hence 
R contains none of the oriented I-circuits formed from the 
boundaries of the 2-cells 6?. Hence E can only contain 
oriented 1-circuits formed from the boundaries of 2-cells 
of Ci- It must contain some of these, for otherwise each 
2-cell of Cj would be in an even number of spheres Si and 
hence the sum (mod. 2) of these spheres Si and the com¬ 
plex Zj would be zero contrary to § 51. 

Hence the set of orient^ 1-circuits formed from the 
boimdaries of the 2-cells of C* is subject to one linear con¬ 
dition. Hence by § 55 = ag — 1 for C*. Hence by § 58 

rg = ofg — 1 for Cg. 

60. The theorem of § 53 was that if Ci is a 2-circuit any 
complex homeomorphic with Cg is a 2-circuit. The theorem 
of the last section adds to this result the theorem that e/Cg 
is orientahle so is also any complex homeomorphic mth €%- 
It follows that if one of the complexes into which a manifold 
can be decomposed is orientable so are all the complexes 
into which it can be decomposed. Thus the property of 
orientability or non-orientability is a property of a manifold 
and is invariant under the group of homeomorphisms. 

As a corollary of this it follows that any complex defining 
a sphere is orientable. The same follows for any sphere 
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with p handles on observing that the particular complexes 
used in defining these manifolds are orientable. In like 
manner, the manifolds defined in § 26 are non-orientable. 

Normal Forms for Manifolds 

61. It has now been proved that any two homeomorphic 
manifolds are both orientable or both one-sided, and have the 
same connectivity. Conversely it can be proved that if two 
closed manifolds are hoth orientable {or both one-sided) and 
have the same connectivity they are homeomm'phic. In other 
words, Ri and the orientableness of a closed manifold 
characterize it completely from the point of view of Analysis 
Situs. 

62. By way of establishing this theorem we shall outline 
a method of reducing any manifold to a normal form. Let 
Ci denote a complex whose points constitute a manifold . 
Let the 2-cells of ft be so ordered that a^ (A; = 2, 3, • • •, a,) 
is incident with at least one 1-cell, say which is also 
incident with one of the 2-cells aj, a^, • • •, a\_^. 

According to § 9 the cells af, aj, a\ constitute a 2-cell, 6^, 
Similarly, the cells b\, a\, al constitute a 2-cell, 6J. The 
process may be continued until we arrive at a 2-cell bl^ 
which is made up of all the 2-cells a] (? == 1,2, •••, ag) 
and of the 1-cells a] 0 == 1 > 2, • • •, ag — 1). The remaining 
1 -cells are in number aj — ag -f-1 — kq + — 2 (§ 30, 

equation (4)). Hence the boundary of contains 2(ao+-Bi — 2) 
1 -cells which coincide by pairs with the 1-cells aj {k — ag, 
«2 +1, •.tti). We denote by ft the linear graph deter¬ 
mined by the 1-cells aj. 

63. The graph ft has the property that none of its 1-circuits 
or sets of 1-circuits bounds. For if Ki were a bounding set 
of 1-circuits composed of cells of ft, then ft would be 
separated by Ki into two parts, each bounded by Zi. In 
the sequence of cells aj (i = 1, 2, • • •, cfg) there must be at 
least one pair aj, aj_^^ such that aj would be in one of the 
parts in question and aj_^^ would be in the other. Hence 
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the 1-cell aj must be on the common boundary of the two 
parts, namely Ki , hence on Ui. But this would contradict 
the definition of Ui as a linear giaph containing none of the 
1-cells aj 0 = 2, •••, ttj — 1). Consequently Uj has the 

property stated above. 

64. The result of the last section may be stated in the 
following form: Any closed manifold can be set into con¬ 
tinuous correspondence with the points of a convex polygon 
of 2(ao + -Ki — 2) edges in a Euclidean plane in such a way 
that (1) each interior point of the polygon corresponds to 
and is the correspondent of one point of the manifold; (2) each 
interior point of an edge of the pol 3 ^gon determines an interior 
point of another edge such that these tw^o points of the 
polygon correspond to one point of the manifold, and this 
point of the manifold corresponds only to these two .points 
of the polygon; (3) each vertex of the polygon determines 
a set of vertices of the polygon all of which correspond to 
a single point of the manifold, and this point of the manifold 
corresponds to these vertices and these only. 

65. By a series of transformations on this polygon which 
involve cutting it by 1-cells running from one vertex to an¬ 
other and piecing it together along corresponding edges, it 
can be changed into a polygon of 2 {Ri — 1) sides all of whose 
vertices correspond to a single 0-cell of M 2 . This polygon 
in turn can be transformed into one of three normal forms. 
If the polygon reduces to the first of these forms the manifold 
is a sphere with p handles; if the polygon takes the second 
form, the manifold is a one-sided manifold of the first kind; 
and if the polygon takes the third form, the manifold is 
a one-sided manifold of the second kind. Thus, every closed 
manifold M 2 is of one of the three types described in §§ 25 
and 26. 

A proof of this theorem which follows the line of argument 
outlined above is to be found m a paper by H. R. Brahana 
in the Annals of Mathematics (2), Vol. 23 (1921), pp. 144-68. 
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COMPLEXES AND MANIFOLDS OF n DIMENSIONS 

Fundamental Definitions 

1. In a Euclidean three-space, four non-coplanar points 
together with the one- and two-dimensional simplexes (§ 1, 
Chap. I and § 1, Chap. 11) of which they are vertices constitute 
the boundary of a finite region, called a three-dimensional sim- 
]^lex or tetrahedral region, of which the four given points are 
caUed the vertices. The points of the boundary are not 
regarded as points of the simplex. 

A set of n + 1 points, not all in the same (n — 1) space, 
together with the one-, two-, • • •, (n — l)-dimensional sim¬ 
plexes of which they are vertices constitute the boundary of 
a finite region in the n-space containing the n + 1 points. 
This region is called an n-dimensional simplex and the n +1 
given points are called its vertices. The points of the boun¬ 
dary are not regarded as points of the simplex. 

Consider any set of objects in (1-1) correspondence with the 
points of an n-dimensional simplex (n>0) and its boundary. 
The objects corresponding to the points of the simplex con¬ 
stitute what is called an n-dimensional cell or nrcdl, and those 
corresponding to the boundary of the simplex what is called 
the boundary of the cell. 

The remarks of § 2, Chap. I are now to be applied without 
change to the 92-dimensional case. 

2. An n-dimensional complex is defined by the following 
recursive statements: 

An n-dimensional comp^ea; (7n consists of an (n—l)-dimen- 
sional complex Cn^i together with a number, an, of n-cells 
whose boundaries are circuits of Cn-i, such that no n-cell has 
a point in common with another n-cell or with Cn-i and such 

76 



if 1-8] 


n-DIMENSIONAL COMPLEXES. 


77 


that each (n — l)-cell of (7n-i is on the boundary of at least 
one n-cell. The order relations of the points of the boundary 
of each n-cell coincide with the order relatigns among these 
points regarded as belonging to the (n — l)-dimensional cir¬ 
cuit.* The (n —A:)-cells (k = 1, 2, • n) on the boundary 
of an n-cell of Cn are said to be incident with it and it is 
said to be incident with them. 

An n-dimensional circuit or n-circuit or generalized n-dimen- 
sional polyhedron is an n-dimensional complex Cn such that 
(1) each (n—l)-cell of Cn is incident with an even number 
of n-cells and (2) no subset of the cells which constitute Cn 
satisfies (1). 

The definition of homeomorphism and the remarks in § 3, 
Chap. II generalize directly to n dimensions. In particular, any 
theorem about an n-dimensional complex which remains valid if 
the complex is subjected to amj (1-1) continuous transformation 
is a theorem of Analysis Situs. 

An arbitrary subset of the cells of an n-dimensional com¬ 
plex is sometimes referred to as a generalized n-dimensional 
complex, provided it contains at least one n-cell. 

3. The definition of a singular or non-singular generalized 
complex Ck on a complex Cn is a direct generalization of that 
given in § 33, Chap. II. It is obtained from the definition in 
Chap. II by substituting Cu for C\ Cn for Ci and making corre- 
spondirg substitutions wherever the dimensionality of cells or 
complexes is mentioned. The number k may be greater than, 
equal to, or less than n. 

It is important to notice that in the fundamental definitions 

* This statement can also be put in the following form: Suppose that an 
i-cell fl* appears on the boundaries of two (i -1- fc)-cell8, and Then 
a;+*and aj+‘and their boundaries are, by definition, in (1-1) correspondences 
Ti and Tj with two (i-f-/:)-dimensional simplexes, h and c and their boun¬ 
daries. In the correspondence Ti a* corresponds to an t-dimensional cell b’ 
of the boundary of h while in the correspondence Tt it corresponds to an 
i-dimensional cell & of the boundary of c. The resultant of the corre¬ 
spondences effected by T~^ and T* on l> and a respectively is a corre¬ 
spondence in which ¥ corresponds to Tim correspondence must be 
continuous. 
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in the two sections above all the cells and the circuits boun¬ 
ding them are non-singular. This insures that the represen¬ 
tation by matrices given below shall be unique. It does not, 
however, exclude the possibility of extending the use of the 
matrices to cases where, as in § 32, Chap. II, the cells have 
singular boundaries. But in proving our general theorems 
we stick to the case of non-singular cells with non-singular 
boundaries. 

Matrices of Incidence 

4. Let au{k = 0, 1, • ••, w) denote the number of ^-cells 
in a complex C«. The A:-cells themselves may be denoted by 
uj, * * *> incidence relations between the (k — 1)- 

cells and the A:-cells are represented by a matrix 

in which — 1 if is incident with and = 0 if 
is not incident with aj. The matrix has rows and 
ajc columns. 

An n-dimensional complex is completely described by the 
set of matrices, 

for, as can be shown by an obvious argument (cf. § 6, Chap. II) 
any two complexes having the same set of matrices are in 
(1-1) continuous correspondence. 

The elements of the matrices are combined as integers 
reduced modulo 2, just as in Chap. I. The ranks of the matrices 
are denoted by respectively. 

By the general theory of such matrices, there exists for 
each //fc a pair of square matrices Bu, of and 
rows respectively, each having its determinant equal to 1, 
such that 

Akl^.Ih-Bk = 

where Hk is a matrix of rows and afc columns in which 
the first Qk elements of the main diagonal are unity and all 
the rest of the elements are zero. Thus the theory of the 
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n-dimensional complex will involve the matrices i/*, Ai-i, Bt, 

Ht, (* = 1 , 2 , 

5. Special cases to illustrate the incidence matrices are 
easily constructed. For example the matrices for a complex 
obtained by subdividing a projective 3-space into cells are 
given in Chap. IX, Vol. II of the Veblen and Young Projective 
Geometry. The following definition gives another example. 

By an n-dimensional sphere or a simple closed manifold of 
n dimensions is meant the set of points on a complex whose 
matrices of incidence are 

= i/, = ...= //„ = I j j j. 

The M-dimensional sphere is easily seen to be homeomorphic 
with the boundary of an (n + l)'Cell. Since it has two 0-cells, 
two 1-cells, •••, two n-cells, its characteristic^ 

«o”-ai + «2 — ••• +(—!)''«», 

is 0 if n is odd and 2 if r? is even. 

6. Any set of the A:-cells, a^, •••, and also the 
A:-dimensional complex consisting of a set of /t-cells and their 
boundaries, may be denoted by a symbol (o'!, ^^ 2 , • • •, Xa), in 
which x^^ l if af is in the set and x^ = 0 if aj" is not in 
the set. 

These symbols can be added (mod. 2) by precisely the rule 
given in §§ 14 and 15, Chap. I, for the 0- and 1-dimensional 
cases. Corresponding tp this we have a rule for the addition 
of two /^-dimensional complexes consisting each of a set of 
fe-cells and their boundaries. The sum, modulo 2, of two ??- 
dimensional complexes Cn and Ch' each of which is a sub¬ 
complex of a given complex Ci,, is the complex determined 
by the set of all /^-cells in Cn or Cn but not in both Cn and 
Cn; it is denoted by C,] + Cf (mod. 2). It has the obvious 
property that if Cn and CV/ are w-circuits, C!, -f Cn (mod. 2) 
is also an n-circuit or a set of w-circuits. 

7. The boundary of a A:-diraensional complex C\ is the (A: —1)- 
dimensional complex consisting of the {]c — l)-cells of the 
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complex Cn which are incident each with an odd number of 
ft-cells of Gc, and the boundaries of these {k — l)-cells. Thus 
a it-dimensional complex is a set of Zf-circuits if and only if 
it has no boundary. 

By precisely the same reasoning as that used in the 0- 
and 1-dimensional cases (cf. § 28, Chap. II) the boundary 
of a Gfc is a {k — l)-dimensional circuit or a set of (Zp —1)- 
diraensional circuits having at most a {k —2)-dimensional 
complex in common. From this reasoning it also follows 
that every bounding (k —l)-circuit is a sum (mod. 2) of a set 
of Qc — l)-circuits which bound Zr-cells, i. e., which are 
represented by columns of Hjc^ Hence all bounding {k —1)- 
circuits are linearly expressible in terms of those corre¬ 
sponding to a linearly independent set of qu columns of 
where Qk is the rank of Hu. 

8. As in the 0-, 1-. and 2-dimensional cases (cf. § 24, Chap, I), 
+ ••• 

is 1 or 0 according as there are an odd or an even number 
of ^-ceUs of the set ‘--y Xa^) incident with the {k — 1)- 

cell Hence if 


Xi 


yi 

Xt 


yt 

Xtty^ 




(yij represents the boundary of (a^i, • • •, Xa)- 

•As a corollary it follows that the Z:-circuits are the solutions 
of the equations 

m (^ == 1 , 2 ,.. 

pi 

Since the columns of the matrix represent (A:—l)-circuits 
they represent solutions of the equations 
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= 0 

(^• = 1,2,... 

«*-2) 

and hence 




(2) 

II 

T 

- 0 

{k =1,2,. 

.., »). 


The Connectivities Ri 

9. If Qk denotes the rank of Hk (mod. 2) the number of 
solutions of the linear homogeneous equations (Hk) in a complete 
set is ttfc —Qk (cf. § 25, Chap. I). According to § 8, the 
columns of Hk+i are solutions of the equations (Hk) and 
hence of these columns can enter in a complete set 
of solutions of (Hk), 

Let Rk — 1 be the smallest number of non-bounding it-circuits 
which it is necessary to adjoin to a set of linearly 
independent bounding A:-circuits in order to have a set of 
A:-circuits on which all others are linearly dependent. 

Then for an n-dimensional complex Cn the number of 
solutions of (Hk) in a complete set is qu+i + Ek—l iiO<k<n, 
Hence 

ctk — Qk ~ Qk+i + Rk—l (0<k<n) 

and 

CCfi Qn = Rn 1 . 

By § 20, Chap. I 

ccq = Rq, 

Hence we have the series of equations 


Rq 

— 1 

= CCq 

— Qi 

-1, 

Ri 

— 1 


— Qx 


Ri 

— 1 

== «g 

— Qi 

— Qi 

Rn—l 

— 1 

= "n-l 

— Qn-l 

— Qn 

Rn 

— 1 

= an 

Qtf 



On multiplying these equations alternately by +1 and —1 
and adding we obtain 

(2) i; (-!)•■ 

t =0 »=0 


6 
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In case the complex Cn is an w-circuit, == 1, Bn == 2 
and (2) becomes 

(3) 

This is a generalization of Euler’s formula (§ 30, Chap. 11) 
to n dimensions. If n is even it reduces to 

(4) «o — «! + a* — • • • -j- a„ — 3 — i?i + — • • • — • 

In case Cn is a manifold and 7 i is odd, (3) when combined 
with a result obtained in § 29 below reduces to 

(5) tto—ai + aa—-= 0. 

10. The number ay—«i+ • + (““ 1)" «n is called the 

characteristic of the complex Cn. The number Ri (i = 0,1,2, 

•. •, n) is called the connectivity of the ith order. 

It will presently be proved that the connectivity numbers 
RofEij->,Rn are Analysis Situs invariants. From this it 
will follow that the characteristic is also an invariant. 

Reduction of the Matrices Hk to Normal Form 

11. Let us now consider the matrices Ak-i and Bk by 
which Hk is reduced to its normal form, i. e., the square 
matrices of determinant 1 such that 

(1) AjU-Hk-Bk^Hk 

where the first Qk elements of the main diagonal of Hk are 1 
and all the other elements of Hk are 0. The existence of 
these matrices follows from the general theory of matrices 
(cf. § 49, Chap. I) and we shall show that they can be so 
chosen as to satisfy certain additional conditions analogous 
to those found in §§ 30-32, Chap. I. 

Writing (1) in the form 
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it follows from § 8 that each of the first columns of 
represents a /c-dimensional complex bounded by the (A:—!)- 
dimensional complex represented by the corresponding column 
of Ak-i, Each of the remaining cck—Qk columns of Bk re¬ 
presents a fc-dimensional complex which has no boundary, 
i. e., a /tc-dimensional circuit or set of circuits. 

Since Bk is a square matrix of rows whose determinant 
is 1, every symbol of the form (xi, Xiy -Xa) in which 
the elements are reduced modulo 2 is expressible as a linear 
combination of the columns of Bk- Hence the symbol for 
any fc-dimensional complex determined by A:-cells of Cn is 
expressible in terms of the columns of Bk- Moreover since 
the last fffc — Qk columns of Bk are linearly independent and 
the symbols for all A:-circuits are linearly dependent on 

—Qk of them, the last —Qk columns of Bk are a complete 
set of A:-circuits or sets of ^-circuits. 

Thus the reduction of the incidence matrices to normal 
form affords an explicit method of determining the bounding 
and non-bounding sets of circuits of all dimensionalities. 

12. The equation (2) remains valid if we add a given 
column of Bk to another column of Bk and perform the 
corresponding operation on the columns of Ak~i • Ilk- Hence 
in particular we may replace any one of the last cck —qk 
columns of Bk by any linear combination of these columns 
(hence by any symbol for a set of /r-circuits) without modi¬ 
fying the right member of (2) since all the last a /^—Qk columns 
of Ak-i • H* are composed of zeros. 

13. Suppose we change Bk-i by replacing its last Qk columns 
by the first columns of and replacing the preceding 
uk-i — Qk-i — Qk columns by the symbols for a set of 
(k —l)-circuits no combination of. which bounds, the existence 
of which follows from § 9. By § 12 such a change will 
leave (2) still valid; hence to show that it is permissible it 
is sufficient to prove that the new Bk-i has determinant 1. 

We now have the columns of the new Bk-i in three blocks, 
of which the first is the same as for the old Bk-i- The 
symbol for any {k — l)-dimensional complex is a sum of 


6* 
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columns of this first block and a symbol for a set of (A:—1)- 
circuits, as follows from the structure of the original Bk-i. 
Now the columns of the last two blocks are linearly in¬ 
dependent (mod. 2) as follows from their choice, and since 
they number —^fc_i it follows from § 9 that the symbol 
for any set of (/c—l)-circuits is a sum of these columns. 

Thus the symbol for any {k —l)-dimensional complex is 
a sum of columns of the new Bk-\^ Consequently the de¬ 
terminant of the new Bk-i must be 1 (mod. 2), and the 
change proposed above can be made. Let this be done for 
all values of k from 1 to n. The last Qk columns of Bk-i 
then represent bounding sets of (A:—l)-circuits and the Rk -\—1 
columns preceding these represent non-bounding (A:—l)-circuits. 

Since all rows of Hk after the ^^th contain only zeros the last 
— Qk columns of Ak-i are arbitrary subject to the condition 
that the determinant of Ak~i shall be 1. Hence these columns 
of Ak-^i may be taken as identical with the first —1 

columns of Bk-\* Let this be done for all values of k from 1 to w. 

14. By this process it is brought about that the matrices Ak 
are identical with the matrices Bk except for a permutation 
of columns. The columns of each matrix Bu fall into three 
blocks. The first Qk columns represent single A:-dimensional 
complexes bounded by sets of {k — l)-circuits. Each of the 
next jKfe — 1 columns represents a single non-bounding A:-circuit. 
The last Qk^i columns represent bounding sets of jt-circuits. 

Congruences and Homologies, Modulo 2 

15. The definition of congruences and homologies modulo 2 
which was made in §§ 37, 38, Chap. II, applies without change 
to the w-dimensional case. Thus 

(1) Ck = Ck~i (mod. 2) 

means that Ck-i is the boundary of Cu; and with reference 
to a complex Cn 

(2) Ck-i 0 (mod. 2) 

means that there exists a complex Ck on Cn which satisfies 
the congruence (1). The remarks about linear combination 
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of congi-uences and complexes made in Chap. 11 apply here 
without change. 

All the relations stated above by means of the matrices 
can also be expressed in terms of congruences and homologies. 
For if we let aj 0 = * * *> “*; ^ = !> 2, • • •, n) represent 

the cell and its boundary, instead of the cell alone as in 
the notation heretofore used, we have the congruences* 

(3) ^ (mod. 2) 

i=l '' 

in which are the elements of the matrix Hj^. These 
congruences, which state the incidence relations of the com¬ 
plex Cny are called the fundamental congruences {mod. 2). 

16. If Ck is the complex represented by (a:i, , Xa) and 

Ck-i the set of (/c-^l)-circuits represented by (yi, y*, • ••, 
the congruence (1) is equivalent to the matrix equation (1) 
of § 8. The result of reducing the incidence matrices to 
normal form as summarized in § 14 therefore amounts to the 
statement that the fundamental congruences are equivalent 
to the following set of congruences and homologies 


(4) 


Kl^ 

cl 





(mod. 2) 


6 


k 






* We are here making the obvious convention that rja] ^ = aj ' 
= 1 and = 0 if 57 = 0 . 


if 
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The further study of these congruences and homolodes will 
involve proving (1) that the ^-circuits Ci, C2, • • •, are 
not homologous to zero (mod. 2) and (2) that every ^-circuit 
on Cn is homologous to a combination of them. With regard 
to the statement (1) the discussion up to the present shows 
that no combination of these A:-circuits bounds any complex 
composed of cells of And with regard to (2) we know 
that every /f-circuit composed of cells of Cn is homologous 
to a combination of Cly Cl, To bring complexes 

on Cn which are not composed of cells of Cn into consideration 
it will be necessary to go beyond the combinatorial properties 
of Cn and make use of the geometrical properties of the cells. 

Theory of the n-Cell 

17. The combinatorial properties of a complex Cn which 
have been discussed above have an elementary application 
in the theory of the subdivision of a Euclidean space by 
generalized polyhedra. A system of (n — l)-8paces in an 
n-space subdivide the w-space into a set of w-dimensional 
convex regions. They intersect in a number of (n — 2)-space8 
which subdivide each (w—l)-space into a set of (n — l)-di- 
mensional convex regions which bound the n-dimensional 
convex regions. The (n—2)-8paces have (n — 3)-spaces in 
common which divide the (w—2)-8paces into convex regions, 
and so on. Thus the set of (n — l)-spaces defines a sub¬ 
division of the n-space into a set of cells which can be 
treated by the methods described above. Any /r-circuit formed 
from the k-dimensional convex regions is a generalized poly¬ 
hedron. Any such It-circuit bounds a (k-f l)-dimensional 
complex composed of convex (fc+l)-cells. 

A treatment of the theory of polyhedra from this point of 
view by the author is to be found in the Transactions of 
the American Math. Soc., Vol, 14 (1913), p. 65. (See also 
the correction Vol. 15, p. 506.) Earlier and later treatments 
without the machinery used here are to be found in the 
papers by N. J. Lennes, Am. Joum. of Math., Vol. 33 (1911), 
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p. 37, and Lilly Hahn, Monatshefte fiir Math. u. Phys., Vol. 25 
(1914); p. 303. Since an w-cell is homeomorphic with a 
Euclidean space all this is the most elementary part of the 
theory of the n-cell. 

18. As in § 8, Chap. 11, we can define a system of curves 
in any n-cell ~ 1, 2, •••, aj which have the properties 
of the system of straight lines interior to a simplex in a Euclidean 
space. It is only necessary to set up a (1-1) continuous 
correspondence Fi between the interior and boundary of the 
n-cell and the interior and boundary of a simplex and to 
regard as straight those curves in the n-cell which are images 
of straight lines in the simplex. 

Under these definitions any two points of an n-cell or its 
boundary determine a straight 1-cell joining them; any three 
non-collinear points determine a straight 2-cell bounded by 
them and the three straight 1-cells which they determine by 
pairs; in general, any i+1 points (e = 1, 2, •••, n) determine 
a straight ^-dimensional simplex bounded by the straight j 
dimensional simplexes (j — 0, 1, 2, •••, i) determined by 
subsets of the i points. 

19. From the separation theorems on Euclidean polyhedra 
(§ 17) there follow at once the following important corollaries, 
which are all to be understood as referring to complexes 
composed of straight” cells: 

If ^,- 2 is an (n — 2)-dimensional sphere on the boundary 
of an w-cell the boundary of consists of Sn -2 and 
two (n —l)-cells and Any {n —l)-cell con¬ 

tained in and bounded by Sn -2 separates into two 
w-cells, one bounded by and and the other 

bounded by ^ad a”~^. There are an infinity of 

non-singular (n—l)-cells contained in a” and bounded by 
Sn-2* 

If two n-cells a”, a” are incident with an (n—l)-cell 
and have no common point they and constitute an 

/j-cell ft”. If their boundaries have nothing in common except 
and its boundary the boundary of 6” is the sum (mod. 2) 
of their boundaries. 
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This proposition is a special case of the following theorem: 
If a set of w-cells, (n4"l)’Cells, •••, (n+i>)-cells are all 
incident with an (n—l)-cell and are such that the 
incidence relations between the (w+z)-cells (^ = 0, 1,2,.*., 
p — 1) and the (n + 2 +1) cells are the sanle as those between 
the i-cells and («+l)-cells of a j)-dimensional sphere, the set 
of all points on and the cells incident with it constitute 
an (n+|))-cell. 

The set of all cells of a complex Cn which are incident 
With an i-cell a* and of higher dimensionality than a* constitute, 
with a‘ itself, what is called a star of cells. If the incidence 
relations among the cells of a star satisfy the conditions 
described in the paragraph above the star is said to be simply 
connected. If a} is one cell of a star, and all cells of the 
star of dimensionality greater than i-\-p which are incident 
with constitute a star of cells. 

These theorems all remain valid if the restriction to straight 
cells is dropped. In this more general form they depend on 
the generalizations to n dimensions of the Jordan and Schoen- 
flies theorems quoted in § 10, Chap. II. The generalized 
Jordan theorem has been proved by L. E. J. Brouwer, Math. 
Ann., Vol. 71 (1911), p. 37 but the generalized Schoenflies 
theorem is still unproved. As in the two-dimensional case, 
we shall get along with the restricted form of these theorems. 

Regular Complexes 

20. Just as in Chap. II it was found convenient to decom¬ 
pose a complex into generalized triangles, here it will be 
found convenient to consider complexes whose w-cells are 
generalized simplexes. A complex is said to be regular if 
(1) each w-cell aj is in such a (1-1) continuous correspondence 
with a simplex that each 0-cell incident with aj corresponds 
to a vertex of the simplex, each 1-cell incident with aj to an 
edge of the simplex and in general each ^-cell (i — 1, 2, • • •, 
n — 1) incident with aj corresponds to an z-dimensional simplex 
of the boundary of the simplex and (2) no set of i + 1 0-cells 
are the vertices of more than one ^-cell of the complex. 
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It has been shown in Chap. II how to decompose any 2-dimen- 
sional * complex C, into a regular complex This process 
will now be generalized as follows: 

For convenience in phraseology, let a definition of straight¬ 
ness be introduced for all the 2-cells of Cn in the fashion of 
§ 18. Then let a definition of straightness be introduced for 
all the 3-cells, which definition may be entirely unrelated to 
the one used for the 2-cells. And in general let a definition 
of straightness be introduced for each ^-cell (z = 2, 3, • • •, n) 
quite independently of that used for all other cells. 

Let P] ~ aj {j ~ 1, 2, • • •, tto) and let Pj be an arbitrary 
point interior to the cell aj 1, 2, • • •, w;1, 2, • • •, «*). 
The points P/ (i — 0, 1, 2, • • •, n; ^ = 1, 2, • • •, aO are the 
vertices of (7„. The 1-cells of C„ are the straight 1-cells 
joining every point Pj {i - 1,2, • • •, w; ; —- 1,2, • • •, a,) to 

every vertex of C, on the boundary of a). A 2-cell of 6» is 
the set of points on all straight 1-cells joining a point P] 
{i = 2, 3, • • •, n; j 1, 2, • • •, «*) to the points of a 1-cell 
of On on the boundary of aj. Each of these 2-cells is bounded 
by just three 1-cells of Cn. 

Continuing this process step by step we obtain the 3-cells, 
4-cells, • • •, w-cells of Cn. A /c-cell of is the set of points 
on all straight 1-cells joining a point P] (/ “ A*, /c+ 1, •••, 7i\ 

= 1 , 2 , • • •, «0 to the points of a {k — l)-cell of Cn on the 
boundary of n^. Each Ar-cell so defined is evidently bounded 
by A: + 1 {k — 1 )-cells. 

The complex Cn thus defined is called a regular subdivision 
of Cn. 

21. No two 0-cells of Cn are joined by more than one 
1-cell. Hence any 1-cell of C,, may be denoted by Pi Pi{i <j). 
In like manner no m 0-cells (2 < m ^ n + 1) vertices of 
more than one (m — l)-cell of Cn. Hence any such cell may 
be denoted by its vertices P^pI - Pv. These vertices are 
by construction all on cells of Cn of different dimensionality. 
Hence they may always be taken in such an order that 
i<j< • • • <5. 
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Incidentally it may be remarked here that on account of 
the properties just referred to, On may be described by means 
of a matrix giving the incidence relations between its n-cells 
and 0-cells. Also, it can be set into (1-1 continuous corre¬ 
spondence with a set of cells of a simplex in a Euclidean 
space of a sufficiently high number of dimensions. For these 
propositions, see the Annals of Mathematics, Vol. 14 (1913), 
pp. 175-177. The correspondence with cells of a Euclideap 
simplex can be used to introduce such a definition of distance 
and straightness in Cn that the straightness and distance of 
any cell is in agreement with the straightness and distance 
of any cell with which it is incident. _ 

22. The relationship between the complexes Cn and Cn may 
be stated as follows: 

(1) Each w-cell^of Cn, al, is the sum (mod. 2) of all w-cells 
PaPb '" Pi of C/, having Pf as a vertex.* 


{n — k + 1) Each A:-cell of C\, a}', is the sum (mod. 2) of 
all A:-cells PaPt • • Pi of which have as a vertex 
(the superscripts are all less than or equal to k). 


(w + 1) Each 0-cell of Cn, aj is the 0-cell i^. 

23. The values of , i?8, • • *, i?n determined from Cn are 
the same as those determined fnm Cn* In order to prove this, 
consider any i-circuit Ki of Cn which is not simply a sub¬ 
division of an i-circuit of Cn, and which therefore contains at 
least one of the points m>i. We choose such a point 
for which m has its maximum value. The i-cells of which 
are incident with Pf are then incident with {i — l)-cells of 
the boundary of the cell dj of Cn* These (i — l)-cells of 
the boundary of af constitute one or more (^ — l)-circuits 
because the (i — l)-cells of Ki which are incident with 


* The sum (mod. 2) of a set of k-cells of a star will be understood to con¬ 
tain the cells of the star that are on the boundaries of the /;-cells of the sum. 
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PP and with (i — 2)-cells of the boundary of are incident 
each with an even number of i-celJs of Ki, Now by mathe¬ 
matical induction we may assume the invariance of the con¬ 
nectivity numbers for dimensions less than n, since we shall 
later establish it for the dimension n (§ 42). Hence Ki-i 
bounds at least one ^-dimensional complex Ct composed of 
cells of Cn on the boundary of aj^. By its definition it also 
bounds a complex composed of 2 -cells of Ki which are in¬ 
cident with These two complexes constitute an i-circuit 
or set of 2 -circuits Zf, which, bounds the complex composed 
of the (2 + l)-cells of 64 which are incident with PP and 
the 2 -cells of Cf. If K? is added (mod. 2) to Ki the resulting 
set of 2 -circuits Ki does not pass through Pp, Repeating this 
argument until there are no longer any vertices PP, m>i^ of Cn 
on Ki, it follows that by adding bounding sets of circuits to K 
it can be converted into a set of 2 -circuits which does hot pass 
through any of the vertices PP, m>i, of Cn* Such a set of 
2 -circuits is simply a subdivision of a set of ^-circuits of Cn* 

From this it follows that all 2 -circuits of Cn are linearly 
dependent on bounding sets of circuits and circuits coincident 
with circuits of Cn* Hence the value of Ri determined by 
Cn is not greater than that determined by Cn* It also 
cannot be less, for if so there would be a linear relation 
among the 2 ^ircuits Cf {p ^ 1, 2, • • •, ft — 1) regarded as 
circuits of Cn* But this would mean that there was a 
complex Ki^i composed of cells of C„ and bounded by some 
or all of the circuits Cf. By an argument like that in the 
paragraph above Ki^\ could be replaced by a complex 
coincident with a coni^. 3x composed of cells of Cn* But the 
existence of ftVi would mean a linear relation among the 
2 -circuits C^ regarded as 2 -circuits of Cn* Hence the value 
of ft determined by Cn is not less than that determined 
by Cn* 

Manifolds 

24. By a neighhcyrhood of any 2 -cell a* on a complex Cn is 
meant any set 8 of non-singular cells on Cn such that any 
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set of points of having a limit point on a* contains points 
on the cells of 8, 

If Cn is an n-circuit such that every star of its cells is 
simply connected, the set of points on Cn is called a closed 
ii-dimensional manifold. It is easily proved that any regular 
subdivision of such a Cn satisfies the same conditions. This 
definition implies that every point of a manifold has a neigh¬ 
borhood which is an w-cell. It has not been proved, how¬ 
ever, that if a point set satisfies the above conditions for 
one subdivision into cells, it satisfies them for all other sub¬ 
divisions into cells. 


Dual Complexes 

25. A complex.C/v is said to be dual to a complex Cn if 
the incidence relations between the A:-cells and {k — l)-cells 
of Cn are the same as those between the (n — A:)-cells and 
(w — A: + l)-cells of Cn for A: = 1, 2, • • •, n. In case Cn de¬ 
fines a manifold, a complex Cii dual to Cn can be constructed by 
first making a regular subdivision of Cn into Cn, then defining 
as an n-cell of Cn the set of all points on each star of cells of Cn 
having a vertex of Cn as center, next defining as an (w — 1)- 
cell of Cn the set of all points on each star of cells of 
dimensionality n — 1 and less which are incident with the 
point Fi on a 1-cell of Cn, but are not incident with any P/, 
and so on, finally defining as the 0-cells of Cn the points P/' 
on the w-cells of Cn. 

This process is illustrated in Fig. 3, page 44 for the two- 
dimensional case. In this figure the vertices of Ci are the 
points Pi, the 1-cells ofJC 2 are made up of the pairs of 
1-cells Pi Pj, Pi Pk of Cg, and the 2-cells of CV are the 
triangle stars at the vertices of C*. 

26. The construction for Cn may be stated a little more 
explicitly in terms of our notations (cf. § 22) as follows: 

(1) Each 0-cell of Cn' is the 0-cell P”. 
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(n — k+l) Each (n — fc)-cell of Cn, 6" ^ is the sum (mod. 2) 
of aU (n —&)-cells P* • • P” of G. which have P* as 
a vertex. 


(n+1) Each w-cell h'l, is the sum (mod. 2) of all 

t 2 -cells Pi Pj Pt of Cn which have Pi as a vertex. 

In order to make sure that this actually delines a complex 
dual to Cn it must be proved first that each of the statements 
(l)*--(w + l) defines a cell and second that the set of cells 
has the properties required of a dual complex. 

27. Consider first the statement (n + 1). The 0-cell P° is 

a vertex a\ of C^^. Since we are dealing with a manifold, 
aj and the set of all cells of (\ incident with it form a simply 
connected star, and the set of points on this star form an 
M-cell. This n-cell we have called ?//. 

No two of J-he w-cells l)i have a point in common because 
no w-cell of Cn is incident with more than one vertex of Cn 
(in the notation Pf Pj • • • Pq only one superscript is zero). 
Moreover every point on a cell of Cn is on the interior or 
boundary of one of the cells VI because each w-cell of Cn is 
incident with at least one vertex of Cn (the superscript zero 
always appears once in the notation Pi Pj-- Pq). 

Next consider the statement (n — k + l). The point Pi is 
on the A:-cell of Cr, and this A:-cell contains a /c-cell 
Pa Pb • •' Pi of Cn. Since Cn is a regular subdivision of 
Cn, PaPb' -Pi and the set of all cells of Cn of dimen¬ 
sionality k-\-\ or greater which are incident with it form 
a simply connected star (§§ 19, 24); and the set of all points 
on the cells of the star forms a single cell which is the sum 
(mod. 2) of the n-dimensional cells of the st^r. The n-dimen- 
sional cells of the star are all ? 2 -cells of Cn which can be 
denoted by Pa Pb • - Pi - Pp in which the first /c+1 

of the P’s are fixed and the rest are variable. The incidence 
relations among the cells of this star are by §§ 19, 24 those 
of an {n — k —l)-dimensional sphere. These incidence relations 
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are however the same as those among the {n—kycellsF^PJ^^ ^ 
•• - Pp described in the statement (n — 1) and the cells of 

lower dimensionality with which they are iiicident. Hence the 
sum, (mod. 2) of the ceWs Pt Pf'^^ • Pp described in the 
statement {n — k+\) is an (n — A:)-cell. This (w — A:)-cell 
we call It obviously has the point Pi, and this point 
only, in common with aj. 

28. Let us next find the incidence relations among the 6's. 

U tti is incident with aj^^, there is a A:-cell, Pa Pt • • • Pi^ of 
Cn contained in which is incident with the (A: + l)-cell, 
Pa Pb - - Pi Pj'^\ contained in The cell dual to 

0 ? is the sum (mod. 2) of all the (n — ^)-cells Pi Pf^^ Pt^ ^ 
•••Pg for the given value of u The cell dual to 

is the sum (mod. 2) of all the (n — k —l)-cells Pf^^ Pt~^ 
• • • Pa for the given value of^'. Since each of the {n—k — 1)- 
cells of Cn which enter into is incident with an 

(n—/c)-cell of Cn contained in h'i~^ it follows that is 
incident with 

Hence if di is incident with \ 6?”^ is incident with b]~^'‘~^ 
The converse proposition is proved in exactly the same 
way. Hence aj is incident with ^ if and only if is 
incident with 

Duality of the Connectivities Ri 

29. Stating this result for the case k~n — 1, we have 

that is incident with aj if and only if is incident 

with Hence the matrix of incidence relations between 

the 0-cells and 1-cells of the complex Ch is the matrix 
obtained from the matrix Hn of the complex Cn by inter¬ 
changing rows and columns. In like manner it is seen that, 
in general, the matrix of incidence relations between the 
(n—/c—l)-cells and (w—A:)-cells of the complex Cn is the 
transposed matrix ^ i of the matrix Hu ri of the complex Cn . 
Hence the matrices of incidence , //g, . •., //„ of Ch are 
the m^hices IIh, Hh-i, • * •, H{ of G,. 
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The ranks of these matrices are Qn^ Qn-iy • • •, respectively. 
Moreover the numbers of 0-cells, 1-cells, • •. n-cells of On are 
ttn, an-i, • • *, «!, ao respectively. Hence by the formula for 
the t-dimensional connectivity J2,, it follows that the 1-, • • 
(n“-l)-(iimensional connectivities of On are i?n-i, • • •, i?i 
respectively. 

It was shown in § 23 that the connectivity Bi of a com¬ 
plex On obtained by a regular subdivision of Cn is the same 
as that of <7n. But by comparing § 22 with § 26 it is seen 
that Cn is a regular subdivision both of Cn and of Cn. Hence 
the connectivity Ri of Cn is the same as that of Cn. Hence 
iiJn-i, i?n- 2 , Bi are the same as Ei, ••., Rn-i, 
respectively. That is 

Rn-k = Rk (A: = 1, 2, • • •, w — 1). 


It should be noted that this duality relation does not apply 
to jBo and Rn, In the case of a manifold, which we are 
considering here, = 1 and Rn —2, 

30. An important corollary of this result is that for 
a manifold of an odd number of dimensions the characteristic 
is zero. For the equations 

«o — + • • • +(—!)”«« — l + (—1)"+ ^ (—1)*(A—1) 

»=l 

and 


give 


Ri — Rn—i (j' — l,2,***,Ji 1) 

tto — 01 + 02 — • • • — o,j — 0, 


as already noted in § 9. 


Generalized Manifolds 

31. The definition of a manifold in § 24 can be generalized as 
follows: A generalized manifold of n dimensions is the set of 
all points on an w-circuit Cn such that if a^~^ is any cell of Cn 
the incidence relations among the (i)-cells, {i + l)-cells, • • •, 
{i + A:)-cells (where i + k — n) incident with a*~^ are the same 
as the incidence relations among the 0-cells, 1-cells, ••*, ^c-cells 
of a complex defining a generalized manifold of A: dimensions; 
a generalized manifold of zero dimensions is a 0-circuit. 
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For n = 0, 1, 2, a generalized manifold is the same as a 
manifold. But for w ^ 3 it includes sets of points which are 
not manifolds in the narrow sense. 

32. To bring this out let us consider the following example 
given in the article on Analysis Situs by Dehn and Heegaard 
in the Encyclophdie. Let S 4 be a Euclidean space of four 
dimensions, a point in S 4 , a three-space in S 4 but not 
on a®, and an arbitrary two-dimensional manifold (e. g., 
an anchor ring) in Let be decomposed into 0-cells, 
1-cells and 2-cells constituting a tAvo-dimensional complex, B 2 . 
The segment joining any 0-cell of to a® is a 1-cell, the 
points on the segments joining the points of a 1-cell of B^ 
to a® constitute a 2-cell, and the points on the segments 
joining the points of a 2-cell of Bs to a® constitute a 3-cell. 
The complex C\ composed of all the 1-cells, 2-cells and 3-cells 
formed by this process, together with a® and the cells of Bg, 
is such that the boundary of an arbitrarily small neighbor¬ 
hood of a® is of the same structure as Bg. Hence the set 
of points on each such boundary is a surface like (e. g., 
an anchor ring). 

It is obvious that a generalized three-dimensional manifold 
can be constructed which has any number of points with 
neighborhoods which are not spherical. A generalized four¬ 
dimensional manifold can have both 0-cells and 1-cells whose 
neighborhoods are not simply connected, and so on. 

33. It was shown in Chap. II that any 2-circuit can be 
regarded as a singular manifold. The generalization of 
this theorem is that any n-circuit is a singular (cf. § 3) 
generalized manifold. We shall repeat the process of § 34, 
Chap, n, for the three-dimensional case, because one new 
point enters, but shall leave the formal generalization to 
the reader. 

Let Cs be an arbitrary 3-circuit. Each of its 2-cells a] is 
incident with an even number 2ni of 3-cells. These may be 
grouped in ni pairs of 3-cells associated with aj, and the 
method used in § 34, Chap. II, may be used to obtain a 
3-cirGyjit a whose cells coincide with those of 6s and which 
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is such that each of its 2-cells is incident with two and 
only two of its 3-cells. 

The incidence relations between the 2-cells and 3-cells of 
a which are incident with a 1-cell aj of (7^ are the same 
as those of a linear graph in which each 0-cell is incident 
with just two 1-cells. Since such a linear graph is a set 
of 1-circuits having no points in common, the 2-cells and 
3-cells incident with a] fall into a number, of groups 
associated ivith aj such that the incidence relations among 
the cells of a group are those of a 1-circuit. With the aid 
of these groups, by the method of § 34, Chap. II, a com¬ 
plex 0! is defined whose cells coincide with those of Cl and 
which is such that all of its cells of dimensionality greater 
than i which are incident with any one of its «-cells {i = 2, 1) 
are related among themselves by a set of incidence relations 
identical with those of a (2 — «)-circuit. 

The incidence relations between the 1-cells, 2-cells and 
3-cells incident with a 0-cell a^ of Cg' now satisfy the same 
conditions as those between the 0-cells, 1-cells and 2-cells 
of a number, n&, of two-dimensional manifolds which have 
no points in common. Hence they fall into Uk groups associated 
with al such that the incidence relations among the 1-cells, 
2-eells and 3-cells of a gi'oup are the same as those among 
the 0-cells, 1-cells and 2-cells of a two-dimensional mapifold. 
Hence a complex Cs" can be defined whose cells coincide 
with those of Cl' and which satisfies the definition of a 
generalized manifold. 

Cl" will be a manifold in the narrow sense only in the 
case where each of the groups associated with each vertex 
has the incidence relations of the cells of a sphere. 

34. Since the boundary of any complex consists of one or 
more circuits, it consists of one or more generalized manifolds 
any or all of which may be singufar. 


Bounding and Non-bounding Sets of fc-Circuits 

35. Let us now take up the problem: Given a set of 
A:-circuits Ck on a complex G*, to determine whether or not 
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there exists a {k-\-lydimensional complex, singular or not, 
on Cn ivhich is hounded by Ck. This is the problem solved 
in Chap. II (cf. § 35) for the case where n— 2 and k — 1, 
As the problem is now formulated k may be less than, equal 
to, or greater than n, and Ck may have singularities of any 
degree of complexity compatible with the definition in § 3. 

The solution of the problem in the simplest case is contained 
in the following obvious theorem which is a direct generali¬ 
zation of that given in § 36, Chap. II: Any sphere ofk dimensions 
on an n-cjell a”' is the boundary of a (k-yiycdl on a". The 
(A:+l)-cell can be constructed by joining an arbitrary point, 
P, of a" to all the points of the /c-dimensional sphere by 
straight 1-cells or, in case of points of the sphere which 
coincide with P, by singular 1-cells coincident with P. The 
solution of our problem, for the general case which we shall 
now develop is entirely parallel to that carried out in §§ 39 
to 46, Chap. n. 

36. Let Ki be an z-dimensional complex on 6«. Let Cn be 
a regular sub-division of Cn* Let a definition of distance 
and straightness be introduced relative to Cn and let all 
references to distance and straightness in the rest of this 
argument be understood to refer to this definition. Let Cn be a 
regular subdivision of Cn* By simple continuity considerations it 
can be proved that Ki can be regularly subdivided into a 
complex Ki such that for each ji'-cell of Ki there is a star 
of cells of Cn to which it is interior. A correspondence A 
is now defined as a correspondence between the vertices of 
Ki and those of Cn by which each vertex of Ki which is 
interior to a star of cells of Cn having a vertex of as 
center corr^ponds to that vertex of (7», and by which each 
vertex of Ki which is on the boui^ary of two or more stars 
of cells of Cn having vertices of Cn as centers corresponds 
to one of these vertices of Cn* 

Since every point of Cn is on or on the boundary of some 
star of cells of Cn with center at a vertex of Cn, a corre- 
spoi^ence A determines a unique vert^ of Cn for each vertex 
of K^, Moreover since any cell of Ki is on a star of cells 
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of Cn its vertices correspond to vet tices of a single cell ofCn- 
Hence the co^espondence A makes each cell of Ki correspond 
to a cell of Cn of the ^ame or lower dimensionality. 

37. Let the r-cells of Cn be denoted by cj(r = 0, 1,2, • •n; 
> == 1, 2, . • ccr) and those of Ki by /cj(r = 0,1,2,..., i\ 
7 == 1, 2, * •., /tfr). Each 0-cell h] of Ki can be joined to 
the 0-cell of Cn to which it corresponds under the corre¬ 
spondence A by a straight 1-cell h]\ or, if li] coincides with the 
point to which it corresponds, by a singular 1-cell h] coin¬ 
ciding with k]. Similarly, for each 1-cell k] of Ki, a 2-cell 
h) can be constructed by joining each point of k] to a point 
of the corresponding cell of Cn by a 1-cell which is either 
straight or coincident with a point. By a similar construction 
there is determined for every cell k] of Ki a cell com¬ 
posed of 1-cells joining points of Vj to points of the cell 
of Cn to which kj corresponds under the correspondence A, 
The (t+l)-dimensional complex composed of the cells 
and their boundaries is denoted by .Bt+i. It is such that 
the incidence relations of and Ifq are the same as those 
of kp and 

38. If Ki is a set of i-circuits, all z-cells h)(j—\, 2, • ^ A_i) 
must cancel out when the boundaries of the (^ + l)-cells 

O' = 1, 2, . •., A) are added together (mod. 2). Hence the 
boundary of BiJ^\ consists either of Ki alone or of Ki and 
a set of 2 -circuits Ki composed of cells of Cn. That is to say 

(1) Bi^^^Ki + Kl (mod. 2) 

and 

Kir^Ki (mod. 2) 

where Ki is either zero or a set of z-circuits composed of 
cells of Cn- 

There is no difficulty in seeing that any 2 -circuit is homo¬ 
logous (mod. 2) to any regular sub-division of itself. This 
may be proved by means of a singular (2 + l)’fiiniensional 
complex which contains, besides the cells of the given e-circuit 
and those of its subdivision, one (/c+l)-cell incident with 
each /c-cell of the e-circuit, it = 0, 1, • * •. e. Hence 


7* 
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Ki^Ki 

and therefore 

(2) Ki'^Ki 

It is obvious that Ki = 0 if i>n. Hence 

(3) (mod. 2) 
whenever r>0. 

39. From the homology (2) it follows that Ki^O if and 

only if By § 7, Kl bounds a complex composed of 

cells of Cn if and only if it is represented by a symbol 
(a;i, a: 2 , • • •, Xa) which is linearly dependent on the columns 
of the matrix Hi-f-i for (7n. We shall now prove that if 

Ki bounds a complex composed of cells of Cn. from 
which result it obviously follows that if and only if 

the symbol ixx, X 2 , •••, Xa) for Kl is linearly dependent on 
the columns of 

40. Given that Zt'~0 and that Ki is composed of cells 
of Cny let Ki+i be a bounded complex, and let us subdivide 
Kl^i as above, preparatory to setting up a correspondence A. 
We denote the subdivision by jfiC/fi, and the corresponding 
subdivision of Kl by Ki\ Then we will have 

(4) KIU^KY (mod. 2). 

Let us construct a correspondence A for Ki'^i exactly as 
in § 36, and by means of it construct a complex analogous 
to the complex of § 37. When the boundaries of the 
(i + 2)-cells of Bi +2 are added to K'Ui (mod. 2), all the 
( 2 +l)-cells of Bi ^2 cancel except those determined by the 
cells kj of the boundary of Ki'^i and certain others which 
are cells of Cn- Let us denote the (^-f l)-dimensional com¬ 
plexes determined by these two sets of (z+l)-cells, by Gi+i 
and KiJf-i respectively. This gives the congruence 

(5) BiJ ^2 = JSTi+i + Gj+i +(mod. 2), 

whiclj implies the congruence 
% ^ 
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(6) ^/-fi + +-Smc+i ^ 0 (mod. 2). 

Since Kl’ is a set of ^-circuits, none of the cells of ^*+2 
determined by (i —l)-cells will appear in the boundary 
of Hence we have 

(7) 0^.,x^Kl• + Kr (mod. 2), 

where Ki'^ is a set of e-circuits composed of cells of Cw. On 
adding (4), (6) and (7) we obtain 

(8) (mod. 2). 

Hence the theorem stated in § 39 will be proved if we show 
that Ki” is identical with Kl, 

To prove this, let us consider a single ?-cell, say cj, of K [. 
The vertices of on cj or on its boundary are all assigned 
to vertices of rj under the correspondence A. Hence the 
e-cells, say of into which cj is subdivided all contribute 
either nothing or cj itself to the set of e-cells of Kl''. Now 
the sum (mod. 2) of the cells identical with (j obtained from 
the cells is bounded by whatever we get by the process 
applied in the previous paragraphs (to obtain Kl" from Kx) 
when that process is applied to the boundary of r] as sub¬ 
divided for Kx, For that is exactly what we did prove at 
the end of the last paragraph, with t replaced by 1, and 
the subdivision of cj replaced by Zt+i. But by mathematical 
induction we may assume that the boundary thus obtained 
is exactly the boundary of (j as composed of cells of Kl, 
Hence the sum (mod. 2) of the t-cells identical with rj obtained 
as just described, being bounded by the boundary of cj, must 
be exactly cj taken once (mod. 2). Since, then, from the sub¬ 
division of every a-cell of Kl we obtain that same cell of K't, 
from the entire subdivision,^ JT,", of K[ we must obtain K[ in 
its entirety. In other words, Kl" is identical with Ki, which 
is what we set out to prove. 

41. We now have an explicit method for determining whether 
a set of ^-circuits K on Cn does or does not bound. For 
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a coDstruction has been given to determine the homology (2) 
of § 38 and Z, ~ 0 if and only if Ki bounds a complex com¬ 
posed of cells of Cn- 

It is a corollary that no set of n-circuits composed of cells 
of Cn can satisfy a homology Zw~0. For there are no 
(n+l)-cells in (?». Hence, in particular, a set of n-circuits 
Cn cannot bound a singular complex on Cn» On the other 
hand, every (n + it)-circuit {k > 0) on Cn bounds an (n + ifc -f 1)- 
dimensional complex on Cn as stated in (3), § 38. 

Invariance of the Connectivities Ri 

42. We are now ready to prove the invariance of the con¬ 
nectivities RojRiy •••, Rn under the group of all homeo- 
morphisms. This invariance is obvious for R^ because Rn is 
the number of connected complexes which compose (7n. To 
prove the invariance of Ri{i>0) for any complex Cn, we 
first observe that according to § 23, Ri is the same for Cn 
as for any regular subdivision Cn» We therefore fix atten¬ 
tion on a regular subdivision Cn. 

By § 9 there exists* a set of i-6ircuits C{{j = 1, 2, • • •. 
jBt — l) such that (1) _there is no (? + l)-dimensional complex 
composed of cells of 6« which is bounded by any combination 
of the circuits Cl ^nd (2) if C,- is any other ^-circuit com¬ 
posed of ceUs of Cn it is homologous to the sum (mod. 2) of 
some or all of the i-circuits C{, By combining (1) with the 
theorem of § 39 we have at once that: (a) time is no (i+ 1)- 
dimensioncd complex of any sort on Cn which is hounded by 
any combination of the drcuits C{. From (2) and § 38 it 
follows that: (b) if Ci is any i-drcait on Cn it is homologous 
to a linear combination {mod, 2) of the i-circaits Cjf (^‘ == 1, 2, • • > 
-R—1). For Ci is homologous either _to zero or to an i- 
circuit Ci which is composed of cells of Cn, and by (2) Ci is 
homologous to a combination of the i-circuits Cj. 

From the properties (a) and {b) it follows by a mere re- 

*Thi8 is not intended to exclude the case in which Z —1 = 0, in 
which the set of i circuits Cj is a null-set. 
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petition of the argument in § 48, Chap. 11 that Ri is an 
Analysis Situs invariant of the complex On* 

43. It should perhaps be pointed out explicitly that the 
proof which has just been completed applies as well for i = n 
as for other values of i. If Cn is a single n-circuit, Bn ~ 2, 
and since Bn is an invariant, any complex Cn homeoroorphic 
with Cn contains just one w-circuit. By a repetition of the 
argument in § 52, Chap. 11, it follows that this w-circuit con¬ 
tains all points of Cn- Hence any complex homeomorphic ivith 
an n-circuit is an n-circuit 



CHAPTER IV 


ORIENTABLE MANIFOLDS 

Oriented n-Cells 

1. Let us now take up the orientation of n-dimensional 
complexes. The first problem is to give a definition of the 
term “oriented n-cell.’* We shall give a definition here which 
suffices for the elementary part of the matrix theory and 
shall postpone to the next chapter the theorems on deformation 
which give the full intuitional content of the notion of orienta¬ 
tion. The definition will be made as a part of a process of 
mathematical induction in which we prove that if certain 
theorems are true and certain terms defined for all com¬ 
plexes Ci for which /<n, then the theorems are true and 
the terms can be defined for any complex (7^. Since the 
theorems and definitions in question have already been estab¬ 
lished for all linear graphs, C,, this process will establish 
them for all complexes 6"^. 

The terms which we assume to be defined are: oriented 
^-cell of a complex Q (iyj<n) orientable /-circuit (z<n), 
oriented /-circuit (/<n), oriented /-dimensional complex (/<w), 
sum of oriented /-dimensional complexes (/ < n). The theorems 
are: (1) any i-circuit which is homeomorphic with an 

orientable i-circidt is orientable', (2) any i-circuit defining an 
^dimensional sphere (/ < n) is orientable. 

2. The proof that these theorems hold for any Cn if they 
hold for all Ci (/ < w) is a direct generalization of the proof 
given in §§ 58 to 60, Chap. II for the case n ~ 2, and will 
be given in § 10. Before establishing the theorems wc state 
the definitions which, it will be noted, derive their content 
from the theorems for the cases i<n. 

An oriented n-cell of a complex Cn is the object obtained 
by associating a cell aj (/ — 1,2, •••, «„) of Cn with one 
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of the oriented (w — l)-circuits which can be formed from 
its boundary according to the theorem (2) of the last section. 
One of the oriented w-cells formed from is denoted by <r» 
and the other by — If is one of the oriented 
(n — l)-cells in the (n —l)-circuit associated with is 

said to be positively related to and negatively related to 

— If is an oriented (w — l)-cell of the (n —1|- 
circuit associated with — it is said to be negatively related 
to aV' and positively related to — 

The object obtained by assigning orientations to the n-cells 
of an n-dimensional complex is called an oriented n-dimensional 
complex. It is denoted by a symbol {xi^ ^ - ^ Xa^) in which 
1 (e = 1, 2, • • •, a^) if (T” is in the set, Xi~ — 1 if 

— o" is in the set and x^ — 0 \i neither of them is in the 
set. The sum of two such symbols is defined as in § 45, 
Chap. I; and if the sum of the symbols for two oriented 
complexes, /il, Fn is the symbol for an oriented complex 

the complex Fn" is called a sum* of F^ and Fn and denoted 
by + 

Matrices of Orientation 

3. Let orientations be assigned in arbitrary fashion to all 
the cells of a complex C„, Then we can form an incidence 
matrix 

^ II ” i > 2, • • •, T J = 1, 2, • • •, 

where is +1, —1 or 0 according as 
or neither, is positively related to We note that Ejc is 
formed from th (§ 4, Chap. Ill) by changing some of the I’s 
into —I’s. If the notation is changed so as to interchange 
the meanings of crj^ and — or*, the elements of the ^'th column 
of Efc and of the ^th row of £'*+1 must be multiplied by — 1. 

Covering Oriented Complexes 

4. As in § 9, Chap. I and § 33, Chap. II, a generalized 
complex Cm (which may be singular) on a complex Cn is said 

* This term is given a more extensive significance in § 5 below. 
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to cwet* Cn if there is at least one point of Cn on each point 
of Cn and there exists for every point of Cn a neighborhood 
(§ 24, Chap. Ill) which is a non-singular complex on (7n. In 
case the number of points of Cn which coincide with a given 
point of Cn is finite and equal to m for every point of Cn, 
Cn is said to cover Cn m times. 

In order to extend the notion of covering to oriented com¬ 
plexes we find it necessary to introduce the conception of 
cells coinciding both as sets of points and in orientation. 
Let Cfc be a complex on Cn and such that each cell of ft 
covers a cell of ft just once. If the cells of both complexes 
are oriented, an oriented cell of ft will be said to coincide 
with an oriented cell <r* of ft if and only if (1) is formed 
from an t-cell d* which covers aj and (2) the oriented (^— 1)- 
cells formed from {i —l)-cells of ft and positively related 
to dji coincide with oriented (i— l)“Cells formed from (^—1)- 
cells of ft and positively related to cr*. This definition must 
be taken in the inductive sense. That is, since the meaning 
of ‘^coincide” as applied to oriented 1-cells has already been 
established (§ 43, Chap. I), this statement when read with 
/ = 2 defines it for oriented 2-cells, and so on. 

5. The symbol (xiy X 2 f Xa^ in which the x's are positive 
or negative integers will be used to denote a set of oriented 
A:-cells in which there are {i — 1,2, •••, a^) oriented 
fc-cells coincident with of if is positive or zero, and with 
— if x^ is negative or zero. 

The object obtained by assigning orientations to the /c-cells 
of a singular Zc-dimensional complex is called a singular 
oriented k-dimemional complex* We shall generally omit the 
word “singular” when referring to it. The set of oriented 
Ar-cells of any singular oriented ^-dimensional complex whose 
cells coincide with cells of the basic w-dimensional complex, 
determines a symbol {xi, x^, Xa), Conversely, any such 

* Closely allied to this idea is that of a Xr-chain, a term introduced by 
J. W. Alexander and now in common use (1930). The ^E-chain is simply 
a linear combination, with integral coefficients, of symbols for oriented 
A-cells.^ 
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symbol determines at least one oriented fc-dimensional complex. 
The latter can in general be constructed in a variety of ways, 
depending on how we join the set of A:-cells represented by 
the symbol, by adding boundary cells of lower dimensions. 

If two oriented complexes C/.- and Ck are formed from com¬ 
plexes whose cells have no common points unless they and 
their boundaries coincide, the two complexes can be regarded 
as on a third complex, and the two oriented complexes may 
be denoted by (xi, Xa, • • •, xn) and (yi, yg, • • •. ya) respectively, 
the x'^ and t/’s being positive or negative integers or zero. 
An oriented (possibly singular) complex which can be denoted 
by (xi+^i, a^ + ya, -Cajk+ya*) is called a sum of Cl and 
Ck and is denoted by CL 
In case the numbers ai, •••, have a common factor, 
so that 

(Xi, a’a, •••. a-a^) (pZly pZty •-y 


any oriented complex whose symbol is (zn Za) is said 

to be covered p times by a complex with symbol (a:i, Xa, • • •, Xa) 
formed by orienting the cells of a complex covering {zu 2 ^ 3 , • • •, Za) 
p times in the sense of § 4. 


Boundary of an Oriented Complex 

6 . By the boundary of an oriented e-cell 0 ^ is meant the 
oriented (i —l)-circuit associated with it in defining its 
orientation. Hence the pth column of the matrix Ei is the 
symbol (yi, y*, •••, for the boundary of 0 ^. The symbol 
for crj itself is (xi, a^a, provided that Xp 1 and 

xj = 0 it j ^ p. Hence if 


( 1 ) 


where {a;^, aig, • • •, a;^^) is the symbol for then (y^, yg, • • •, y^. 
is the symbol for the boundary of 0 ^. 





yt 

1 ! 

1 

1 

i y^i-^ 
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By the boundary of any oriented t-dimensional complex 
we mean any sum of the boundaries of the oriented «-ceUs 
which compose it. If the boundary has symbol (0, 0, •••, 0) 
we say that the given complex has no boundary.* From the 
identity, 




Xi + X'i I 


X\ 

xi 1 



X2-]rX2 1 


X2 


( 2 ) 

Ef 

1 

= Ei. 


+ Ei^ ; 


1 

Xa^ 

i 

Xa^ 

Xa^ 


it follows that if in the equation (1) fe, arg, •, Xa^ represents 
any i-dimensional complex, O/i, 2 / 2 , ya,.,) represents its 

boundary. All this can be applied to the singular complexes 
discussed in the previous section. 

7. In case the numbers •••, ya^_^ in equation (1) 

have a common factor, so that 

the equation (1) signifies that the boundaiy of fc, a::*, ••., Xa^) 
may be taken as an oriented complex which covers the oriented 
complex denoted by {zi, Zt, ^ times. An example 

of what this signifies geometrically may be constructed as 
follows: 

Let S be the interior of a circle c in a Euclidean plane. 
Let Fn be a correspondence in which each point of c corre¬ 
sponds to the point obtained by rotating it about the center of c 
in a fixed sense through an angle of 2n/n. The points of c 
are thereby arranged in sets of n such that each point of 
a set is carried by Fn into another point of the same set. All 
points in a set will be said to be congruent.” Let Sn be 
the set of objects consisting of the points of S and the sets 
of n points determined by Fny each set of n congruent points 
being regarded as one object. 

* The ik-chain corresponding to any oriented complex without boundary 
is called a I;-cycle under recent usage (1030). The term cycle was used 
by Poincare. 



M7-8] 


ORIENTABLE MANIFOLDS. 


109 


The set of points Sn can be decomposed into a complex Ct 
by the straight 1-cells joining the center of c to the 2n points 
of c in two of the sets of n congruent points. It is thus 
easily verified that the 2-cells of Ca may be so oriented that 
their boundary is an oriented 1-circuit of 2n oriented 1-cells 
which covers an oriented circuit composed of two oriented 
1-cells n times. 

In case n — 2, the sets of n points are the diametrically 
opposite pairs of points of c, and & is homeomorphic with 
the projective plane. 


Orientable n-Circuits 

8. An ? 2 -circuit is said to be orientable or non-orientable 
according as the symbols for the boundaries of its oriented 
n-cells are, or are not, linearly dependent. If an orientable 
w-circuit has the property that each of its {n — l)-cells is 
incident with two and only two of its n-cells, orientations 
can be assigned to its n-cells in such a way that their sum 
has no boundary. This is proved as in § 56, Chap. II. The 
oriented complex formed in this way from such an orientable 
n-circuit, is called an oriented n<ircmt. 

If Cn is an orientable n-drmit, there is a singular oriented 
n-circuit Kn such that each cell of Kn is coincident with a cell 
of Cn, and each cell of Cn is coincident with at least one cell 
of Kn- To prove this we observe first that we can construct 
a singular oriented complex, without boundary, whose cells 
coincide with cells of Cn, as follows easily from the definition 
of orientable circuit. Next we prove, as in § 33, Chap. Ill, 
that the new oriented complex is a singular set of singular 
oriented generalized manifolds, each without boundary. The 
facts that orientation must be considered and that the initial 
complex is itself singular, cause no difficulty in this proof. 
Now let Kn be one of these oriented generalized manifolds, 
hence also an oriented w-circuit. The argument of § 56, 
Chap. II, shows that each cell of Cn must be coincident with 
at least one cell of Kn- This completes the proof. 
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By ^^singular oriented w-circuit” we shall usually mean 
one that is singular only in that a number of its cells may 
coincide with one cell of the basic complex. As with arbitrary 
oriented complexes, we.shall usually omit the word ^^singular’^ 
when referring to it. 

9. By reference to § 22, Chap. Ill, it is obvious that the 
boundaries of the n-cells into which an w-cell a? of CL is 

t n 

decomposed by a regular subdivision can be converted into 
a set of oriented (n — l)-circuits whose sum is the oriented 
(w — l)-circuit formed from the boundary of Hence 
an n-cir^it Cn is orientable if and only if a regular sub¬ 
division Cn of it is orientable. 

It can now be proved by exactly the method used in 
§§ 58, 59, Chap. II that if'On is any n-dradt homeomorpJdc 
luith Cn, On is orientable if and only if Cn is orientable. 
In outline, the proof is as follows: 

Let Kn be the n-circuit on Cn whose cells are the in^ages 
under the homeomorphism of the cells of (t«. Let Cn be 
a regular subdivision of Cn and Kn a complex obtained 
from Kn by regular subdivisions as in § 36, Chap. III. Also 
let a correspondence A and a set of (n +1 )-cells 

— 1, 2, • • •, be defined as in § 36. Each b^^^ is 
bounded by an w-circuit Si of relatively simple construction, 
which is readily seen to be orientable. 

If Kn is orientable there can 1^ formed from the {n — 1 )- 
circuits bounding the w-cells of Kn a set of oriented {n — 1)- 
circuits (i = 1, 2, • * /^n-i) a linear combination of 

which sums to zero. From the (n — l)-circuits bounding the 
n-cells of each Si is formed a set of oriented (n — l)-ciicuits 
whose sum is zero which contains one oriented (n — l)-circuit 
which is the negative of one of the On adding 

multiples of all the oriented (n — 1 )-circuits thus obtained 
from Kn and the spheres Si, all the oriented (n — l)-cells 
cancel out except some formed from the boundaries of the 
n-cells of Cn- The latter are present because otherwise Kn 
would bound an (n + l)-dimensional complex on Kn* These 
oriented (n—l)-circuits of Cn are subject to the linear relation 



tt 9-111 


ORIENTABLE MANIFOLDS. 


Ill 

obtained by adding the linear relation among the r^i’s and 
multiples of the ones obtained from the spheres Si, 

By an argument just like that given in § 56, Chap. II this 
linear relation involves all the (w—l)-circuits which can be 
formed from the boundaries of n-cells of Cn, and hence Cn 
and Cn are orientable w-circuits. Therefore, if Gn is orientable, 
so is Cn- The relation between Cn and Gn being reciprocal, 
it follows at once that if Cn is orientable, so is Gn- 

10. The complex used to define an n-dimensional sphere 
in § 5, Chap. Ill, is obviously orientable. By the last section, 
any complex homeomorphic with this one is orientable. Hence 
any n-circuit which defines an w-dimensional sphere is orient- 
able. As a corollary, any w-circuit bounding an (n + l)-cell 
is orientable. 

This completes the proof that the two Theorems (1) and (2) 
of § 1 are true for Cn if they are true for all Ci {i < n) 
and thus establishes the cycle of theorems and definitions 
in § 1 for all values of ri¬ 
ll- In case Cn is an n-circuit the rank of En determines 
whether ( 7 » is orientable or not. This follows from the 
definition of orientability; and is proved in the manner of 
§ 56, Chap. II. The proof shows that Cn is orientable if the 
rank of En is an —1 and it is not orientable if the rank 
of En is an- 

In consequence of the Theorem (1) of § 1, if one complex 
defining a manifold Mn is orientable so are all complexes 
defining Mn- It is therefore justifiable to call a manifold 
orientable or not according as a particular complex into 
which it can be decomposed is orientable or not. Hence the 
criterion given in the last section will determine by a finite 
number of steps whether a manifold is orientable or not. 

Thus for example, it is quite easy to write down a set 
of matrices defining a real projective space of n dimensions 
and prove the theorem that a real projective space is orient- 
able if w is odd and not orientable if n is even. A proof 
of this theorem which makes use of combinatorial ideas but 
not of the matrix notation is given by D6nes KOnig in the 
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Proceedings of the Inteniational Congress of Mathematicians 
at Cambridge in 1912, Vol. 2, p. 129. 


Oriented /:-Circuits 

12. An oriented A:-circuit (§ 8) has no boundary. Hence 
the symbol (a?!, ajg, • • •, Xa) for any oriented A:-circuit satisfies 
the set of linear equations 

^ 1 1 2 , • • •, 

which are equivalent to the matrix equation 


(3) 


Xi 


I 



Conversely, any solution of these equations in integers re¬ 
presents a set of (possibly singular) oriented /^-circuits on Cn, 
This is proved as in § 8. 

We note that the boundary of any oriented complex is 
itself an oriented complex without boundary, hence satisfies 
relations of the above sort. This is proved as in § 28, Chap.II. 

From the proof in § 8 it follows that the boundary of any 
oriented h-dimenslonal complex may he taken as a set of oriented 
(J {— ly circuits. 

13. Since each column of is the symbol (xi, X 2 , • • •, xaj 
for an oriented /c-circuit, it satisfies the condition (3). Hence 


(4) -- 0 Qc == 0, 1, -1). 


Normal Form of Ek 

14. Let the rank of Ek (^ — 0, 1, •••, w) be denoted by rk. 
By the theory of matrices whose elements are integers (cf. 
§ 9 of Appendix II) there exist square matrices Ck-i and Dk 
with integer elements and determinants ±1, of a^-i and 
ttfe rows respectively, such that 
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(5) C-fcJi Ek Dk = Et 

where Et is a matrix of a^-x rows and a* columns all the 
elements of which are zero except the first r* elements of 
the main diagonal, which are the invariant factors of Eu* 
We shall denote the elements of the main diagonal of E^ 
by djy and understand that eif — 0 \ij>ru. 

We shall prove in § 18 below that the matrices Ck-x and Du 
of the preceding paragraph can always be found with 
determinants +1. 

Equation (5) is equivalent to 

(6) Ek • Jh — Ck-x • Ek f 

and (6) may be regarded as a set of Uk equations of the form, 


(7) 




• • 



> 


in which xxjyXoj, • ^ , xaj are the elements of the^th column 
of Dk and yx}^ yiy, • ■ those of the^th column of Ct-i. 

By § 7, this means that the yth column of Dk represents an 
oriented complex the boundary of which covers an oriented 
complex represented by the yth column of Ck—x a number of 
times equal to the yth element of the main diagonal of Ek- 

Since A has determinant ± 1 ? it follows that the symbol 
for any given oriented A:-dimensional complex whose cells 
coincide with cells of Cn is expressible in unique manner as 
a linear combination of the columns of A- A similar remark 
can be made about Ck- 

15. Any oriented A:-dimensional complex without boundary 
is easily seen to be a set of oriented Zc-circuits, some or all 
of which may have in common certain cells of dimensionalities 
less than Ic, This does not exclude their having certain 
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/c-cells coincident, but not identical. We shall refer to such 
a complex as a set of oriented A:-circuits. 

By the same sort of reasoning as in § 9, Chap. Ill, we infer 
that any set of oriented ^-circuits is linearly dependent on 
the members of any set of independent sets of oriented 
A:-circuits in number — ru- If the latter set of sets of 
oriented /^-circuits has the further property that an arbitrary 
set of oriented /c-circuits is a linear combination, with integral 
coefficients, of its members, then it is called a complete set 
of sets of oriented A:-circuits. No more than a *—Vk sets of 
oriented Ar-circuits ean be independent. Similar remarks can 
be made about sets of oriented A:-circuits no combination of 
which bounds; and we can define complete set of non-bounding 
sets of oriented /r-circuits. It is one containing the least 
possible number of members such that an arbitrary set of 
oriented /c-circuits is a linear combination with integi'al co¬ 
efficients of its members, plus a set of oriented A:-circuits 
which bounds or a multiple of which bounds. Such a com¬ 
plete set contains ecu — — r^+i members, as may be shown 

in a manner similar to that used in Chap. III. Similarly, we 
define a complete set of sets of oriented /c-circuits each of 
which bounds or has a multiple which bounds as one containing 
the least possible number of members such that an arbitraiy 
set of oriented A:-circuits having the property just mentioned 
is a linear combination, with integral coefficients, of its mem¬ 
bers. From the preceding results it follows that the number 
of elements in the complete set just defined cannot be less 
than rfc-f-i. We shall show that it is exactly rfc+i. 

Next we observe that in 

Ek^i • Dk^i ~ Ck • Ek j-i 

each of the first r/c+i columns of Ck, say the ^th column, 
represents an oriented /c-circuit or set or oriented /c-circuits 
covered a certain number, of times by the boundary of 
an oriented complex represented by the ^th column of Djtfi. 
Now, since there exist a* — rk — Vk^i sets of oriented /c-cir- 
cuits no combination of which bounds, it follows that there 
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are at most independent sets of oriented it-circuits each 
of which bounds or has a multiple that bounds. Hence the 
symbol for any set of oriented A:-circuits which bounds or 
a multiple of which bounds is linearly dependent on these 
rk-\-i columns of Ck- But since Ck has determinant db 1, any 
such symbol is uniquely expressible as a linear combination, 
with integral coefficients, of its columns. Consequently these 
first rki-i columns of Ck must further represent a complete set 
of sets of oriented A:-circuits which bound or multiples of 
which bound. 

Since the last ajc — r* columns of Ek are composed entirely 
of zeros, and the determinant of 2)^ is ±1, the last a/c —Vk 
columns of Dk represent a complete set of sets of oriented 
A:-circuits. (Compare Chap. I, § 49.) 

Now we shall establish the existence of a complete set of 
non-bounding sets of oriented A:-circuits. Let m denote the 
«th column of 6\, and vj the ^‘th column of the block of the 
last s = ak — Tk columns of Dk- Then we will have 

8 

III dij Vjy I 1 , * * * y ? ^ • 

Let C and D be square matrices with determinants ± 1 such 
that C~^AD is the normal form for Ay the matrix of the 
Let us set 

8 

Wk Dkj Vjy Ic 1, • • •, S, 

r 

Xt C'tj Ujy t 1, • • •, y, 

where Dkj and Ctj are elements of D~^ and respectively. 
Then the elements of 

C-^ADW, 

where W represents a column composed of the w'&y are of 
the form edWi- They are also seen to be identical with the 
x'Sy hence represent sets of oriented A:-circuits which are 
bounding or have multiples that bound. Since the w’s are 


8* 
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independent, the rank of is r, so that there are r of these 
WiS, The remaining u;’s are therefore s — r = ak — ru — rk^i 
in number. Since all the w's represent a complete set of sets 
of oriented ^-circuits, and the r of them mentioned above 
represent sets of oriented ^-circuits which are bounding or 
have multiples that bound, it follows that these s — r of the 
u;’s represent a complete set of non-bounding sets of oriented 
fe-circuits. 

16. Now suppose we replace D* by a new Bk formed as 
follows. It has the same first Vk columns as the old Dk> 
The next ok — Vk — Vk+i columns represent a complete set 
of non-bounding sets of oriented ^-circuits, just proved to 
exist. The final r/c^i columns are the same as the first 
columns of ft. Since we merely replaced the last ak — rk 
columns by sets of oriented /c-circuits, equation (6) con¬ 
tinues to hold. Therefore the proposed changed will be 
proved to be permissible if we show that the new Bk has 
determinant ± 1. 

The symbol for any oriented /r-dimensional complex is a 
linear combination, with integral coefficients, of the first r* 
columns of Bk plus a symbol for a set of oriented it-circuits, 
as follows from the structure of the original Bk^ The symbol 
for any set of oriented A:-circuits is a linear combination of 
the remaining columns of Bk, as follows directly from the 
definitions of the two blocks of columns in question. Thus 
the symbol for any oriented Ar-dimensional complex is a linear 
combination, with integral coefficients, of the columns of the 
new Bk. Consequently the determinant of the new Bk must 
be d= 1. We conclude that Bk can be modified as described 
above. 

Thus we have determined Bk in such a way that: (1) each 
of its first rk columns represents an oriented A:-dimensional 
complex having a boundary w^hich covers a set of oriented 
{k — l)-circuits a certain number dllj of times; (2) each of the 
next cfc— Tk —r*-fi columns represents a set of oriented k- 
circuits which is not linearly dependent on sets of oriented 
fe-circuits which bound, or multiples of which bound; (3) each 
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of the last columns represents a set of oriented ^-circuits 
covered a certain number, of times by the boundary of 
an oriented (A; + l)-dimensional complex. 

Since all but the first rjc+i rows of E^j^i consist of zeros 
the last ak — rkJri columns of Ck are arbitrary, subject to the 
condition that the determinant of Cu is to be ± 1. We 
arrange that Ck is obtainable from Dk by interchanging the 
blocks of columns (1) and (3). 

The Betti Numbers 

17. The number of oriented fe-circuits in a complete set of 
non-bounding sets of oriented ^-circuits is denoted hy Pk —1, 
so that 

(8) .Pk —1 == ctk — ru —rfc-fi. 

The number Pk is called by Poincare the /cth Betti number. 

It is readily verified that Po equals the number of con¬ 
nected parts of the complex. Hence Po equals Po, and from 
§ 39, Chap. I, it follows that 

Po — «o—n- 
By the definition above, 

Pk —1 — ttfc— rkv\ 

if 0< A:< n, and 

Pn 1 Cfn r n • 

Multiplying these equations alternately by + 1 and — 1 and 
adding, we obtain 

n n 

(9) Po+= 

fc=l fc=0 

which may also be written 

(10) i; (-1 )*' i (- (- D") + (-1)" Pk. 

fc =0 fc=o 

The expression on the left is the characteristic, and the 
formula is a generalization of Euler’s formula. If Cn is con¬ 
nected, Po = 1. If further, Cn is an orientable n-circuit, 
as observed in § 10, = an—1 and hence Pn —1 == 1. 
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In this case, therefore, 

i; (-!)*«» = i+(-i)’*+2(-i)"(^k-i). 

(11) 

= f(l+ (-!)»)+ i (-!)"• A- 

k = l 

Finally if Cn is a one-sided n-circuit, there is no solution 
of the equations (F^) and hence Pn —1 =0 and 

^(_l)Ac«, = 1+ 

( 12 ) 

= i(3+(-i)”)+ ^(-ly'Pk. 

fc = i 

18. Now we shall prove that in the initial reduction to 
normal form (§ 14), the matrices Gt-i and Dk can both be 
taken with determinant +!• We know that every 

is at least unity. It follows from (8), which 
holds for that for 0<A:^w, Vk must be less 

than at least one of the numbers and a^-i. Consequently 
none of the matrices Ek can have its rank equal to the number 
of its columns and the number of its rows. Under these 
conditions the reduction to normal form can be done with 
matrices Cfc-i and Dk whose determinants are +1, as is 
proved in § 9 of Appendix II. 

However, we say nothing about the signs of the determinants 
of the Ck and Dk finally chosen, at the end of § 16. 

19. Using the fact (§ 30, Chap. HI) that for a manifold the 
characteristic is zero if n is odd, the equation (11) reduces to 

(13) Pi~P»+-Pn-i = 0 (n = 2m + l) 

if Cn is an orientable manifold and (12) reduces to 

(14) Pi-P«+-Pn-i = 1 (n = 2fw + l) 

if Cn is a non-orientable manifold. 

In the three-dimensional case (13) and (14) have the 
corollary that Pi == Pt for an orientable manifold and 
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Pi = P, +1 for a non-orientable manifold. The first of these 
formulas is a special case of the duality formula obtained in 
§ 39, below. 


The Coefficients of Torsion 

20. The numbers •• •? dr^ defined in § 14 are such 

that the boundary of a complex represented by the ith column 
(«— 1,2, r/c) of Dk covers a (A: — l)-circuit or set of (A: —1)- 
circuits represented by the ith column of Ck-i dl times. 

Let us denote those of the numbers di, • which 
are not equal to 1 by 

.k—\ Jc-~\ Jc-1 

H f ) * • * j 

the ^’s being arranged in such ^n order that each of them 
is the highest common factor of itself and all the Ts which 
follow it. The numbers are known as 

the confidents of torsion of dimensionality k —1. 

Each coefficient of torsion of dimensionality k is associated 
with a definite column of Ck which represents a set of oriented 
A:-circuits such that the boundary of a (A:+l)-dimensional 
complex covers them a number of times equal to the coefficient 
of torsion. Further details will be given in §§ 29 and 30 below. 

It will be proved (§ 37) that the coefficients of torsion 
are topological invariants, and also that in case Cn defines 
an orientable manifold they satisfy a duality relation (§38). 

21. It has been seen in § 50, Chap. I, that the invariant 
factors of the matrix Ei are +1 • Hence there are no zero¬ 
dimensional coeffidents of torsion. 

The matrix En in the case of an oriented manifold must 
have one +1 and one —1 in each row. But any such 
matrix can be regarded as the transverse of the matrix Fj of 
a linear graph (§§ 17 and 38, Chap. I) and therefore has no 
invariant factors* except +1. Hence an orientable manifold 
of n dimensions has no {n — lydimensional coefficients of 
torsion. 

* This theorem is also proved algebraically in Appendix n. 
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Relation between the Betti Numbers 
and the Connectivities* 

22. The matrices Eu reduce to the matrices Hjc if all 
elements are reduced modulo 2. Hence if dk denote the 
number of even /c-dimensional coefficients of torsion, the ranks 
of Ek and Hk are connected by the relation 


Since 

and 

it follows that 
(15) 


ric—Qk — 

Rk — 1 — — Qk — Qk+l 


Fk—l = «/.—rfc —nil 

Rk — Pk = 


which is the formula for the connectivities in terms of the 
Betti numbers and the coefficients of torsion. 

23. The matrix En for a non-orientahle circuit Cn has one 
coefficient of torsion^ and this coefficient is even. We prove 
this by means of (15), taking k ~ n. Since the left hand 
member is unity, and = 0, we conclude that = 1, 
that is, there is one even {n — l)-dimensional coefficient of 
torsion. 

24. In the Monatshefte fur Mathematik und Physik, Vol. 19 
(1908), p. 49, a set of numbers, Qk(k — 0, 1, 2, •••, n), are 
defined by H. Tietze in terms which are superficially like 
our definition of the numbers Rk> But Tietze finds the foimula 
(p. 56): 


Qk — 


which shows that the Q^’s as he used them are quite different 
from the RkS. 


Congruences and Homologies 

25. The results obtained from the reduction of the matrices Ek 
to normal form will perhaps be clearer if they are restated 
in terms of another notation. Following Poincard, we shall 
say that an oriented w-dimensional complex, Fn, is congruent 
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to a set of oriented (w •—l)-circuits, r„_i, if is the 
boupdary of Fn, and shall denote this relation by the symbols 

(1) A ^ Fn-u 

In case F^ has no boundary (i. e., is a set of n-circuits) F^ 
is said to be congruent to zero, and this is indicated by 

( 2 ) F,, = 0. 

The expressions (1) and (2) are called congruences and (2) is 
regarded as a special case of (1). 

From § 6 it is evident that the sum of the left hand members 
of the two congruences is congruent to the sum of the right 
hand members. Moreover if both members of a congruence 
are multiplied by an integer, m, the resulting congruence, 

(3) mFn = mF„-i 

has a meaning and is a consequence of (1) if we understand 
that mFn is an oriented complex which covers Fnm times. 
If we understand that —Fn stands for the oriented complex 
obtained from Fn by reversing the orientation of each of its 
cells, this statement can be extended to cover the cases in 
which m is negative. Hence any congruence derived from a set 
of valid congruences of the same dimensionality hy forming a Umar 
homogeneous combination of them ivith integral coefficients is 
a valid congruence, 

26. Whenever the congruence 

(4) n ^ A-i 

is satisfied by an oriented complex Fjc on Cn, F^-i is said to 
be homologous to zero, 

(5) rfc_i~0. 

The relation 

Ffi—i F ^ 0 

is also written 

(6) Fn-i ~ r;_x 

and expressed in words by saying that Fn-i is homologous 
to Fn-i, Since a homology can always be reduced to a 
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congruence it follows that homologies can be combined linearly 
according to the rules that hold for the linear combination 
of congruences. Since the boundary of an oriented ^-dimen¬ 
sional complex is a set of oriented (/r—l)-circuits, the homo¬ 
logy (o) implies the congruence 

(7) = 0. 

It should be noted that these definitions do not permit the 
operation of dividing the terms of a homology by an integer 
which is a common factor of the coefficients. In other words, 

(8) 

does not necessarily imply (5). Thus we are dealing with 
what Poincare calls homologies without division.” 

The Fundamental Congruences and Homologies 

27. The relations between the Ar-cells and the (k —l)-cells 
given by the matrix Efc are equivalent to the system of con¬ 
gruences 

«k-t 

0’ == 1 ^ 2, ..., aft). 

i = 1 

The matrix of this system of congruences is obtained from Efc 
by interchanging rows and columns. The symbol(a;i, X 2 , • • •, Xa) 
was used in § 5 to denote an oriented A:-dimensional complex 

- 

Hence any matrix equation, 


Xi 

yi 

Xs 

y* 

= P 

1 




is equivalent to the congruence 

( 10 ) + -+ 

+ • • • + ‘ 
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28. The fundamental congruences [El] give rise to the 
fundamental homologies 

Z/ii ~0 O' = 1,2,.. 
and the matrix equation (9) corresponds to the homology 
( 11 ) + - 

29. The reduction of Ejc to normal form, as interpreted in 
§§15 and 16, gives rise to the following congruences and 
homologies: 

(Ki) rl = (i = 1 , 2 , •••, nc — 

(Kt) n = ^4+r.., /'k-i (/ - n - r,_i + 1, ..., rO, 

(z,) n^o a == n+i, •• •, rfc+p*-i), 

(^ 4 ) /fc ~ 0 {i -- tth—Vk 01 + 1 , • • •, — rk), 

{Kt) ~ 0 {i — — aic) , 

in which It is an oriented Ar-dimensional complex represented 
by the 2 th column of i>/c, It-i a set of oriented {k — l)-circuits 
represented by the 2 th column of 6 ^- 1 . 

The congruences (Ki) correspond to the columns of Dk in 
the class ( 1 ) of § 16 for which the corresponding values of 
are + 1 - 

The congruences (Ki) correspond to the columns of Dk in 
the first block for which the values of are different from 1 . 
Thus is the 2 th (A: —l)-dimensional coefficient of torsion. 

The congruences (A's) correspond to the second block of 
columns of Dk enumerated in § 16. The sets of oriented 
^-circuits (2 = r* + 1 , • • •, r/c + P/c — 1 ) constitute a complete 
ftet of non-hounding sets of oriented k-cirmits. They have the 
property that no linear combination of them coincides with 
the boundary of any oriented ilc —l)-dimensional complex 
composed of oriented cells coincident with cells of Cn- 

The sets of oriented /c-circuits in the homologies (A 4 ) 
correspond to those of the last Vk^i columns of Du which are 
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identical with the first rjc+i—columns of Ck- They there¬ 
fore appear in the right-hand members of the congruences 
analogous to (iTi) which are determined by the matrix 
The sets of oriented ^-circuits in the homologies (jKi) corre¬ 
spond to the last columns of Dk and also to the set of 
columns of Ck which correspond to the coefficients of torsion 
and thus appear in the right-hand members of the congruences 
analogous to (K^) which are determined by the matrix Ej^i, 
30. As we have seen in § 16, if A is any set of oriented 
^-circuits whose cells are coincident with cells of 6 n, it is 
expressible in the form 



in which the coefficients are integers and the are 

the sets of oriented ^-circuits which appear in the congruences 
and homologies (As), {K^), (As). But by means of the homo¬ 
logies (A 4 ) and (As) this reduces to 


( 2 ) 



^ k 


in which the 04 s are integers and each bi is a non-negative 
integer whose absolute value is less than the coefficient of 
torsion, ff. 

With a slight change of notation this result may be stated 
as follows: There exists a set ofPk — 1 sets of oriented k-circuits 
• • •, and a set of sets of oriented k-drcuitSy 

such that if T^ is any set of oriented 
k-circuits whose cdls are coincident with cdls of Cn it satisfies 
a homology, 




(3) 






in whifh tlw ais and biS are integei's and each bi is non-negative 
and less than the coefficient of torsion The sets of oriented 
k^ircmts T^^^^y •••, satisfy the homologies 


(4) 


■'r*v ^ 
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We shall now prove that the coefficients at in (3) are uniquely 
determined, and that the bi are unique modulo the respective corre- 
spending coefficients of tmsion. 

Let 




(3') 




Z K + X 


P.-i! 


be another homology like (3). From (3) and (3') we obtain 
a homology which we write as a congruence, taking Ok+\ 
as a bounded complex: 


(5) ; 1 = Z K+ Z(b-K) 

4 = 1 1 = 1 

It follows that 

(6) e 


and since the appearing in (6) are linearly independent 
with respect to homologies, we infer that ai ~ a'i, hence that 
the first sum in (5) is zero. 

Now Gk-\-i is a unique (§ 14) linear combination of the 
Fft+i’s appearing in the relations similar to •••, (Zs) 

but with k replaced by A:+l. Hence the boundary of Ou+i 
is a linear combination of the left-hand members of 
and {Ki) for the original k. Since the symbol for this 
boundary is uniquely determined, it follows from § 14 that 
the latter combination is also unique. Consequently the 
{hi — hi) in (5) are multiples of the corresponding and the 
proof is complete. 

As a corollary, /a: ~ 0 if and only if the Oi in (3) are all 
zero and the hi are all zero when reduced to their least ahsolute 
values modulo the corresponding 


Bounding k-Circuits 

31. The results which have just been derived from the 
matrices apply only to complexes composed of cells coincident 
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with cells of But they can be proved to be valid for 
all complexes on Cn by an argument which is closely analogous 
to that used in Chap. Ill for the modulo 2 case. This argument 
centers about the following problem: Given a set of oriented 
i<ircuits -Tt on does there exist on Cn cm oriented (^4“ 1)- 
dimensional complex of which I'i is the boundary? It is of 
course understood that /’i may have any singularities com¬ 
patible with its being on On- 

32. This problem is solved by the means employed for the 
corresponding problem in Chap. Ill for complexes without 
orientation. The oriented ^-circuits Fi are obtained by properly 
orienting the cells of a set of z-circuits Ki on Cn. For the 
i-circuits Ki we make the regular subdivisions and define 
the correspondence A and the complex as in §§ 36, 37, 
Chap. III. The complex Ki which is obtained from Ki by 
regular subdivisions may by § 9 be converted into a set of 
oriented i-crcuits fi. 

The complex Bi i has one and only one (^-f l)-cell 
incident with each i-cell of Ki and the (^ 4■l)-cells and i-cells 
and hi of BiJ i are subject to the same incidence relations 
as the ^-cells and {i — l)-cells of Ki, Hence if Bi^i is 
converted into an oriented complex Fi^i by orienting each 
{i + l)-cell of Bill so as to be positively related to the 
corresponding z-cell of A, each of the ^-cells h) of Bi f^i will 
be so oriented as to be positively and negatively related to 
equal numbers of oriented (^+l)-cells of (We recall 

that in general we are dealing with singular complexes). 
Hence none of the oriented ^-cells formed from hj will appear 
in the boundary of /7;i. This boundary is the sum of the 
boundaries of the oriented (i+ l)-cells of FiJ i and therefore 
consists either of fi alone or of fi and an oriented ^-dimensional 
complex, which we shall oill F/, each oriented cell of which 
coincides with a cell ot Cn. Thus 

(1) Fmi ^ Fi+rl 

and hence 

(2) - fi^Fi 
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where r< is either 0 or such that each of its cells coincides 
with a ^11 of 'Cn. 

Now ri is formed by orienting a regular subdivision of the 
complex Ki from which Pi is obtained by a_ process of 
orientation. Therefore if the orientation of Ti is chosen 
properly we will have (cf. § 38, Chap. Ill), 

(3) r,-/;- 
and hence 

(4) 

33. From the homology (4), in case Pi is not zero, it 
follows that if m is an integer different from zero 

(5) rnPi^O 
if and only if 

( 6 ) 

The homology (6) means that there is an oriented complex 
on Cn whose boundary, covers Pi m times. But 
under these conditions there is an oriented complex r.-n, 
composed of oriented cells which coincide with cells of Cu, such 
that its boundary covers Pi m times. Except for certain 
considerations which do not arise in the modulo 2 case, and 
cause no difficulty here, this is proved as in § 40, Chap. III. 
We shall give no further details here. 

34. We now have the solution of the problem of § 31. 

For a method has been given by which if Pi is any set of 
oriented ^’-circuits on a complex C,i and On is a regular sub¬ 
division of Cn, one can find a set of oriented 2 -circuits Pi whose 
oriented cells coincide with cells of the same dimensionality 
of Cn, such that and, moreover, we have proved that 

if Pi satisfies any homology it satisfies a congruence 

/"i-f 1 = mPi in which />+i is an oriented complex composed 
of oriented cells which coincide with cells of 6«. From this 
it follows that if the sets of oriented /c-circuits 1 %, •••, 

are defined as in § 30 every set of oriented A:-circuits 
Pk satisfies a homology like (3) of § 30. 
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Invariance of the Betti Numbers and Coefficients 
of Torsion 

35. The theory of homologies can now be reduced to that 
of commutative groups as follows: Let us regard the totality 
of sets of oriented Zr-circuits homologous to a given set of 
oriented A:-circuits as a single object, g, which we will refer 
to as a group element. Let us define the sum of two of 
these group elements, g^ and as the totality of sets of 
oriented ^-circuits each of which is the sum of a set of 
circuits of gx and a set of circuits of g^. With respect to 
the operation of addition the group elements evidently con¬ 
stitute a group, which we shall call 6 k. The identity element 
of the group is of course the totality of sets of oriented 
/c-circuits which are homologous to zero; we denote the 
identity element by 0. 

By § 30 there is one and only one group element con¬ 
taining each set of ^-circuits 

(7) ^ at ri + ^ hi 

i=l *=1 

each at being an integer and each hi being a positive or 
zero integer less than the coefficient of torsion and these 
group elements are all distinct. 

The group Ok is defined in a unique manner and is there¬ 
fore an Analysis Situs invariant. 

36. If a group element g is such that for some positive 
integer x, 

xg — 0, 

g is said to be of finite order, and the smallest value of x 
for which this relation holds is the order of g. If no such 
integer x exists, g is said to be of infinite order. 

The statement containing the formula (7) implies that Ok 

is generated” by a set of elements (generators) 

having the following properties: (1) the first of 

them of finite orders and the order of each is a multiple 
* 
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of the order of each preceding one; (2) the remaining ones 
are of infinite order; (3) no relation 

1 = 1 

is satisfied unless all the a<*s are zero and each hi is a 
multiple of the order of the corresponding g^. The statement 
that the generate Gk means that every element of Ok is 
a linear combination, with integral coefficients, of the g% and 
conversely. 

That the Betti numbers and coefficients of torsion are Analysis 
Situs invariants is a consequence of the fact that the number 
Pk — 1 and the orders of the ^’s of finite orders are invariants 
of Ok, that is, are the same for all sets of generators satis¬ 
fying the conditions (1), (2), (3). This theorem about groups 
may be put in the following form: In any two sets of generators 
satisfying the conditions (1), (2), (3), there is the same number 
of generators of orders greater than any integer r. We now 
prove the latter theorem. 

37. If this were not so, there would be two finite sets of 
generators, g^, • • •, and p\ ;>*,•••, and a positive integer r 
such that if • • •, are the generators of orders greater 
than r in the first set and •••, p^~^^ the generators of 
orders greater than r in the seeund set, then is greater 
than a. Since the g's are generators, we have 

,g. -- 

in which the coefficients are integers and the coefficient 
of each g of finite order is less than this order but not 
negative. 

Since a is less than fi, we can find a set of integers 
having H. C. F. unity, such that on multiplying 
each of the equations (8) by the corresponding n and adding 
them all together, the coefficient of each g^^{i = 1,2, • • •, a) 
comes out zero. Thus we have 
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n p"+‘ r, +-»•< 5^. 

Denoting the order of by A, it follows that 

(9) krip^~^^-\- “• +Ar^p®^+/* = 0. 

(In case there is no (9) still holds, with A — 1). 

By condition (3) on the p’s, the coefficient of each p of 
infinite order in (9) must be zero, and the coefficient of 
each p of finite order must be a multiple of this order. Hence 
all the coefficients in (9) are zero, or else their H. C. F. is 
greater than r; whereas by the derivation of (9) the H. C. F. 
of the coefficients is X which is at least unity and at most 
equal to r, a contradiction. 

We have thus established the theorem about commutative 
groups, from which it follows that the Betti numbers and the 
coefficients of torsion are Analysis Situs invariants. 

Duality of the Betti Numbers and Coefficients 
of Torsion 

38. The duality relation, 

JRn—i Ri a 0, 1, • • •, yi 1) 

was proved (§ 29, Chap. Ill) by showing that if Hu{k ~ \ , 

• • •, w) are the incidence matrices of (7n and (A: == 1, 2, 

• ••, v) those of a complex Cn dual to (7n, then 

Hfi—i (^' 9, 1. ' ’ • y ti i), 

where is the matrix obtained by interchanging the rows 
and columns of i/ni. 

Now if Cn is an orientable manifold, orientations can be 
assigned to the dual cells in such a way that the matrices 
Eic{k — 1, 2, • ••, n) satisfy the corresponding relations, namely 

En-i — 

This property is a consequence of the orientability of the 
manifold, and can be proved by an extension of the argument 
used 4n §§ 25-28, Chap. III. 
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Since the invariant factors of are the same as those of 
Ek+\_ and En-k “ Ek+x it follows that the invariant factors 
of JETn-fc and of Ek^x are the same. Hence the {n—k —1)- 
dimensional coefficients of torsion of an orientdble manifold 
are the same as tJie k-dimensional ones. In other words 

39. In view of the equation (§ 22), 

Rk — Pk " dfc 

and the equation Rnr-k = Rk it follows from this that the 
Betti numbers of an orientable manifold satisfy the condition 

Pn-k = -Pfc* 

It should be noted particularly that while the relation 
= Ek is satisfied by the connectivities of any manifold 
the relation Pn~k — Pk is restricted to the orientable manifolds. 


9* 



CHAPTER V 


THE FUNDAMENTAL GROUP AND CERTAIN UNSOLVED 
PROBLEMS 

Homotopic and Isotopic Deformations 

1. Let Ki be a generalized complex on a generalized 
complex Cn. A set of transformations Fx{0 <x<\) is 
called a one-parameter continuous family of transformations 
if each Fx for each number x (0 ^ a; ^ 1) is a transformation 
of Ki and if, for 0 < rc ^ 1 and P any point of Ki, Fx (P) 
is a continuous function of x and P. A (l-l)-continuous 
transformation F of Ki into a generalized complex K' on 
Cn is called a deformation on Cn if there exists a continuous 
family of transformations Fx(0 ^x-^ 1) such that Po is the 
identity, Pi = P, and each Fx transforms Ki into a complex 
on Cn. 

For example, Cn may be taken to be a 2-cell and Ki to 
be a single point. The points FxiP) then constitute a 1-cell 
with its ends, the 1-cell being singular or not according to 
the properties of Fx. As another example, Ki may be taken 
to be a 1-cell with its ends, the complexes into which Ki is 
transformed then are all 1-cells and constitute a 2-cell and 
its boundary. 

Under the conditions described above, the complex Ki is 
said to be deformed into the complex P' and the complexes 
into which Ki is transformed by the functions Fx {0 <x<\) 
are called the intermediate positions of Ki. 

It is an obvious consequence of the definitions made that 
if Pi is a deformation on Cn which carries Ki to a generalized 
complex P' on Cn and P* a deformation on Cn of P' and 
if Ps is the resultant of Pi and Pg, then Pg is a deformation 
on Cn. 
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2. Following the nomenclature introduced in the Dehn- 
Heegaard article on Analysis Situs in the EncyklopRdie we 
shall distinguish between isotopic and homotopic deformations. 
A deformation is called an isotopy or an isotopic d^ormatiwi 
if it satisfies the following condition: It is a deformation 
of a non-singular generalized complex Ai (i = 0, 1, • •n) 
through a set of intermediate positions which are non-singular 
and homeomorphic with Ki into a non-singular generalized 
complex Ki which is homeomorphic with Ki. A non-singular 
generalized complex is said to be isotopic with any complex 
into which it can be carried by an isotopy. 

The term homotopy will be used to designate a deformation 
in the general sense of § 1, and two generalized complexes 
C' and C" will be said to be homotopic if one can be carried 
into the other by* means of a homotopy. 

For example, consider two pairs of distinct points A B and 
CD of an open curve. It is always possible to find a one- 
parameter continuous family of transformations carrying A and 
B into C and D respectively, but it is not always possible 
to find one in which all intermediate positions oi A B are 
pairs of distinct points. In particular, it is not possible to 
interchange A and B by an isotopy. 


Isotopy and Order Relations 

3. We shall now state without proof a series of theorems 
which establish the relation between the order relations and 
the isotopic deformations. Let us agree that if a deformation F 
carries a 0-cell a° into a 0-cell and if and a® are the 
oriented 0-cells obtained by associating a® and a® respectively 
with +1, then cr® is said to be carried by F into ®, and 
— <y® to be carried by F into —a®. This determines what 
is meant by the deformation of an oriented w-cell. 

4. The following propositions hold for the non-singular 
1-cells of either an open or a closed curve. Any two 1-cells 
are isotopic and any two oriented 1-cells are homotopic. But 
the oriented 1-cells fall into two classes such that two oriented 
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1-cells of the same class are isotopic, whereas two oriented 
1-cells of different classes are not isotopic. Either of these 
classes may be called a sense class, or an orientation class 
or a sense of description of the curve. All oriented 1-cells of 
a sense-class are said to be similarly sensed or oriented and 
to have the same sense. All the oriented 1-cells of an oriented 

1- circuit, as defined in § 35, Chap. I, are in the same sense- 
class. If two similarly oriented 1-cells of a curve are both 
positively related to the same oriented 0-cell, one of the 1-cells 
is contained in the other. If of two similarly oriented 1-cells 
one is positively and the other negatively related to the same 
oriented 0-cell, either of the 1-cells can be deformed by an 
isotopy which leaves the 0-cell invariant so as to have no 
points in common with the other. 

5. Any transformation of a closed curve into itself which 
transforms a sense-class into itself is said to preserve sense; 
otherwise it alters sense. A (1-1) continuous transformation 
which preserves sense is an isotopic deformation. The isotopic 
deformations of a curve into itself form a self-conjugate sub¬ 
group of index two of the group of homeomorphisms of the 
curve into itself. A (1-1) continuous transformation which 
alters sense has exactly two invariant points. 

6. At the beginning of Chap. IV, an oriented 2-cell of a 
complex Cf was defined by associating a 2-cell with a parti¬ 
cular oriented 1-circuit of its boundary, i. e., with a particular 
set of oriented 1-cells. This definition was sufficient for the 
combinatorial theory in which it was used but is manifestly 
not flexible enough to correspond fully to the intuitional idea 
of an element of surface with a sensed boundary. A definition 
which satisfies this requirement is the following: 

An oriented 2<dl is a 2-cell associated with a sense-class 
of its boundary. If we recall that all the oriented 1-cells of 
an oriented 1-circuit belong to the same sense-class it is clear 
that the present definition can be substituted for the one used 
in Chap. IV without changing any of the theorems there ob¬ 
tained. From this point onward we shall use the term oriented 

2- ceU according to its new definition. 
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7. The fundamental theorems on deformation of oriented 
2-cells are closely related to the theorem of § 60, Chap. II, 
on the invariance of orientableness. They may be stated, 
without proof, as follows: Any two oriented 2-cells on the 
same complex are homotopic. The non-singular oriented 2- 
cells on an orientable two-dimensional manifold fall into two 
classes called sense-dasaesy such that any two oriented 2-cells 
of the same sense-class are isotopic, and no two oriented 2- 
cells of different sense-classes are isotopic. Any oriented 2-cell 
and its negative belong to opposite sense-classes. Two isotopic 
oriented 2-ceUs are said to be similarly oriented. Two oriented 
2-cell8 which have no point in common and are one positively 
and one negatively related to an oriented 1-cell are similarly 
oriented. Any two oriented 2-cells of a one-sided manifold 
are similarly oriented. Any one-sided manifold contains a 
MObius strip. 

The theorems in § 5 have been generalized to two dimen¬ 
sions by L. E. J. Brouwer, H. Tietze, and J. Nielsen, who have 
obtained a number of interesting theorems on the continuous 
transfoimations of two-dimensional manifolds and have also 
uncovered a number of interesting problems. The work of 
Brouwer and Nielsen can be foun.d in recent volumes of the 
Mathematische Annalen, and further references to the litera¬ 
ture can be found in an article on the subject of orientation 
by Tietze in the Jahresbericht der Deutschen Math. Ver.. 
Vol. 29 (1920), p. 95. 

8. It is obvious that the theorems in the first paragraph of 
§ 7 form the basis for a generalization to n dimensions. An 
oriented 3-cell is defined as a 3-cell associated with a sense- 
class of its boundary. A set of theorems analogous to those 
just quoted for 2-cells hold for oriented 3-cells and form the 
basis of a definition of an oriented 4-cell, and so on. 

9. In a regular complex an oriented n-cell may be denoted 
by the order in which its vertices Fq, --y P», are w^ritten, 
with the convention that any even permutation of the ver¬ 
tices represents the same oriented w-cell and any odd per¬ 
mutation represents its negative. We have not had to use this 
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notation, and mention it only because it is useful in appli¬ 
cations. Its significance may be said to depend on the 
following theorem: 

The complex composed of an n-dimensipnal simplex (§ 1, 
Chap, ni) and the A:-dimensional simplexes determined by sets 
of A:-1-1 {k<n) of its vertices can be isotopically deformed 
into itself in such a way that each of the fe-dimensional 
simplexes goes into a A-dimensional simplex and the vertices 
are subjected to an arbitrary even permutation. This complex 
cannot be isotopically deformed into itself in such a way that 
each of its fc-cells goes into one of its A:-cells and so that 
the vertices are subjected to an odd permutation. 

The Indicatrix 

10. Another point of view from which the orientable 
manifolds may be considered is the following: Let A be a 
point of a manifold Mn and consider the set of all non-singular 
oriented w-cells on Mn which contain A. It can be proved 
that any such oriented n-cell can be deformed into any other 
such n-cell or into its negative through a set of intermediate 
positions which are all non-singular oriented n-cells con¬ 
taining A.* Moreover, no such oriented n-nell can be thus 
defomed into its negative. Each of the two classes of 
oriented n-cells thus determined for the point A is called an 
indicatrix^ and the two indicatrices are called negatives of 
each other. 

Now consider an isotopic deformation of a point A and its 
indicatrices. This carries A along a curve to a point A' 
and also a given indicatrix of A into an indicatrix of A'. 
If there is any closed cuiwe along which A can be carried 
in such a way that one of the indicatrices at A is deformed 
into its negative, then Mn is one-sided. If not, Mn is orientable. 

Another way of stating this result is as follows: Let a point 
associated with one of its indicatrices be called an indicatrix- 
point. In the case of an orientable manifold Mn the indicatrix- 


has not yet been proved (1930). 
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points consist of two manifolds, each of which covers Mn 
once. In case Mn is one-sided the indicatrix-points constitute 
a single manifold which covers Mn twice. 

A rather full discussion of the indicatrix, together with 
references to the literature is given by E. Steinitz, Sitzungs- 
berichte der Berliner Mathematischen Gesellschaft, 7. Jahr- 
gang (1908), p. 29. (Cf. footnote on page 71 above.) 

11. These covering manifolds can also be obtained directly 
from the cellular structure of the complex Cn defining 
Let us form a complex Cn by the following rule: The i-cells 
{i = n — 1, w) of are to be the 2a^ oriented i-cells crj 
and — aj (y = 1,2, • • *, a^). For each oriented (n — l)-cell 

there are four oriented n-cells, o'", cr", —o'", —cr", which 
are positively or negatively related to it. These fall into 
two pairs, one pair containing o" and the other containing 
— o", such that one of the oriented w-cells of a pair is 
positively related while the other is negatively related to 
oy»~^ Let both oriented n-cells of one pair be incident with 
oJ*~i and let both the oriented n-cells of the other pair be 
incident with —in the set of incidence relations de¬ 
fining Cn* A singular n-circuit or pair of n-circuits which 
is thus defined on Mn can easily be proved to be either one 
or two manifolds, each of which covers Mn* 

If there are two of these manifolds, Mn is orientable; and 
if there is only one, Mn is one-sided or non-orientable. More¬ 
over, each oriented (n — l)-cell of (7« is positively related 
to one oriented n-cell of Cn and negatively related to one 
other. Hence the covering manifold or manifolds are orien¬ 
table. 

12. The covering manifolds which are referred to above 
must be distinguished clearly from Riemann surfaces. The 
latter are surfaces on a sphere which have the properties of 
covering surfaces except at a finite number of points, the 
branch points. It would be easy to develop the topological 
part of the theory of Riemann surfaces at this point by the 
methods which we have been using, and this would doubtless 
be done in a more extensive treatise. 
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It is well known that any orientable two-dimensional 
manifold can be regarded as a Riemann surface. The definition 
of a Riemann surface has been generalized to n dimensions 
by P. Heegard and it has been proved by J. W. Alexander 
(Bull. Amer. Math. Soc., Vol. 26 (1920), p. 870) that any orient- 
able manifold can be regarded as a Riemann manifold. 

Theorems on Homotopy 

13. By a slight modification of the argument in §§ 35 to 41, 
Chap. Ill, it can be proved that any k-dimensional complex Cjc 
on a regular n-dimensional complex Cn is homotopic ivith a comr 
plex Ck coimsting of cells each of which covers (§ 4, Chap. IV) 
a cdl of Cn* The nature of the modification needed will be 
sufficiently indicated by a consideration of the case of a 1-circuit 
Kx on a regular complex Cn. Let the definition of the 

1- cell in § 37, Chap. Ill, be modified s^ that h\ stands in 
eac^case for a 1-cell joining a vertex of Kx not to a vertex 
of Cn but to a point coincident with a vertex of Cn* Like- 
wise let the boundary of each 6? be th^ same as in Chap, in 
except that if it contains a cell of Cn this cell is replaced 
by one coincident with it. Thus when the boundaries of the 

2- cells bi are added (mod. 2) the only 1-cells cancelled are 
the 1-cells b]. Hence the boundary of is the 1-circuit Kx 
and a 1-circuit or set of 1-circuits Kx composed of O-cells 
and 1-cells each covering a cell of Cn* 

It is obvious that Kx is homo topic with Kx- For a de¬ 
finition of straightness and distance on Bt can be made in 
such a way that each 2-cell of B^ is a square with one side 
on Kx and one on Kx or a triangle with one side on Kx 
and the opposite vertex on Kx* Each point X of Kx may 
then be joined to a point of Kx by a straight 1-cell x in 
such a way that every interior point of B^ is on one and 
only one of these 1-cells. A transformation Ft may be de¬ 
fined as that transformation which carries each point X of Kx 
to the point P of the 1-cell x whose distance along x from X 
is to Jlie length of the 1-cell x in the ratio L The trans- 
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formations Ft evidently give a one-parameter continuous 
family which define a deformation of into K{. 

14. A fundamental theorem of homotopy is the following: 
If Kn is a nonrsingular n-cirmit on an nrcircuit Cn, then Kn 
cannot he deformed into a single point on Cn. For if such 
a deformation of Kn were possible Kn would bound a singular 
(n-f* 1 )-dimensional complex on Cn composed of JSTn, the point 
into which Kn was deformed, and all intermediate positions 
of Kn. This would be contrary to the first theorem in the 
second paragraph of § 41, Chap. 111. 

The Fundamental Group 

15. The theory of the homotopy of curves on a complex 
leads to the important concept of the fundamental group. 
Let 0 be an arbitrary point of a complex Cn and consider 
all oriented 1-cells on Cn whose initial and final points coincide 
with 0. These 1-cells may be singular in any way whatever. 

Two of these oriented 1-cells which are such that one of 
them can be deformed into the other through a set of inter¬ 
mediate positions, all of which are oriented 1-cells of the set, 
are said to be equivalent Let us denote oriented 1-cells of 
the set by ^’s with subscripts, as gi, g^, gty gxi etc., with 
the convention that any two equivalent ^’s may be denoted 
by the same symbol. Hence by the usual convention on the 
equality sign, gt = gt means that any oriented 1-ceIl denoted 
by gi is equivalent to any one denoted by g ^. Also let any 
1-cell which is the negative of one denoted by gi be denoted 
by gl^. Finally let any 1-cell of the set which may be 
deformed into the point 0 through a set of intermediate 
positions which are all g'^ be denoted by 1. Thus the 
equation 

gx ^ 1 

means that gx may be deformed into coincidence with 0 
through a set of g'%. 

16. If the terminal point of an oriented 1-cell gi is identical 
with the initial point of an oriented 1-cell ^ 2 , the oriented 
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1-cell containing all points of gx and g% and having the 
same initial point as gx and terminal point as g% is denoted 
•Qti *^nd gz is called the product of gx and g^. 

This definition holds whether the initial and terminal points 
of gx coiocide with the same point of Cn or not. For any gx 
and gt whose terminal and initial points respectively coincide 
with the same point of Cn there exists a gi such that 


99 = 9i- 9t 

because there alwajs exists one of the oriented 1-cells denoted 
by 9 t which has the terminal point of gx as its initial point. 
It is also clear that, in general, 

9i '99 + 9t' 9^1 

whereas 

9x'^^ = 

and 

9i'(9f99) = (gi'9t)'99^ 

17. The symbols g defined in § 15 can be regarded as the 
operations of a group. For there is a single-valued definition 
of multiplication, they satisfy the associative law, they include 
among themselves an identity operation, and there is a unique 
inverse in the set for each operation. This group is known 
as the fundamental group of the complex Cn- 
The fundamental group of any complex Cn is independent 
of the choice of the point 0. For let (f be any other point 
of Cn and let gx be an oriented 1-cell whose initial point 
coincides with (7 and whose terminal point coincides with 0. 
If gx is any oriented 1-cell whose initial and tenninal points 
coincide with 0, _ 

9x == 9x9x^'^ 

is one whose initial and terminal points coincide with 0\ 
A similar remark can be made with the roles of O and 0 
interchanged, and it is seen that in this way a one-to-one 
correspondence is set up between the group elements gx defined 
with^ii^spect to the point 0 and the group elements fx defined 
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with respect to the point 0\ The operations gx form a group 
which is isomorphic with that formed by the operations 
gx because 

9x-9y = 9i-9x-9I^-9i-9y-9T'- 
= 9x-9x-9y-9V- 


The Group of a Linear Graph 

18. The groups of two particular linear graphs should be 
noticed: 

(1) In case Ci is an open curve its group contains only 
one operation, the identity. For every closed curve on 6\ 
can be deformed into coincidence with 0. 

(2) In case Ci is a simple closed curve its group contains 
an operation g which represents an oriented 1-cell which 
has just one point coincident with each point of Ci except 0. 
The complete set of operations may be represented by 


where 

and 


5'. .9*, •••> 9”’ 

9 ~'^, 9 ~~, •••• 9 ~'\ ••• 

9* 9-9^ 9* ^ 9*-9j ®tc. 

9-n _ (^- 1 ).. 


The operations are all distinct, as is easily proved by 
consideration of the total algebraic change of a coordinate 
measured along the curve. 

19. In case 6i is an arbitratry linear graph and a] a 1-cell 
joining two distinct 0-cells of Ci, the operation of shrinking 
aj to a point will be taken to mean the operation of replacing 
Cl by a complex C[ which is identical with Ci except that 
a] and its ends have been replaced by a single 0-cell which 
is incident with every 1-cell with which either of the ends 
of a] was incident. 

The operation of shrinking a] to a point does not change 
the characteristic of Ci. For it decreases «i and ao each 
by 1 and hence leaves ««— “i invariant. The operation 
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may make the boundaries of certain 1-cells singular by 
bringing their ends into coincidence. But by introducing 
a new 0-cell in the interior of each such 1-cell, the graph 
may be restored to a form in which each 1-cell has distinct 
ends. The operation of shrinking a 1-cell to a point obviously 
leaves Ro invariant. Hence, by the formula, 

ffo -Kq — R\ 

it leaves Ri invariant. This is obvious also because the 
operation neither produces nor destroys 1-circuits. 

The operation may be repeated so long as there are two 
distinct 0-cells joined by a 1-cell. In case Ci has no 1-circuits, 
Le., in case it consists of R^ trees, the operation reduces 
Cl to a set of Ro 0-cells. 

In case C is not a tree and i2o = 1, the result of repeating 
the operation of shrinking to a point ao — 1 times is a linear 
graph consisting of Ri closed curves having a single point 
in common. In case Ro > 1 the result is Ro such graphs. 

20. It can easily be proved that the operation of shrinking 
a 1-cell a] of a linear graph C\ to a point changes C\ into 
a complex Ci having the same group as Ci. (Compare § 18.) 

From this it follows that: (1) The group of any tree is 
the identity; (2) the group of any complex which is not 
a tree is the same as the group of a complex consisting of 
i?i—1 1-cells each having a O-cell 0 as its initial and terminal 
point, and no two having a point in common. This group 
consists of Ri — 1 operations gi (? = 1, 2, • • •, — 1) and 
all combinations of them. Thus the general expression for 
an operation of the group is 

, 9 ^..• gh-g^. ■■■gJM 

where the exponents can be any integers, positive, negative 
or zero, and jn = Ri — 1. 

21. The operations ^ 1 ,^ 2 , are called the generators 

of the group of 6\. They are absolutely independent of 
each other, that is to say they satisfy no identities except 
the lajj58 of combination given in § 16. 



U 20-22] 


THE FUNDAMENTAL GROUP. 


143 


In the general theory of discrete groups having a finite 
number of generators the generators are supposed to satisfy 
certain identities of the form, 



which are known as generating relations. The groups of 
n-dimensional complexes (n ^ 2) will be seen usually to have 
generating relations. The group of a linear graph is thus 
characterized by the lack of generating relations. 

The Group of a Two-dimensional Complex 

22. Let Ca be a two-dimensional complex, ft a regular 
subdivision of it, and let ft be the linear graph composed 
of ^he 1-cells and 0-cells on the boundaries of the 2-cells 
of ft. Also let the point 0 which is the common end point 
of ^e generators g, of the fundamental group be a vertex 
of ft. By § 13 any l-circuit on ft may be deformed into 
(is homotopic with) one composed of 0-cells and non-singular 
1-cells coincident with 0-cells and 1-cells of ft. Hence the 
generators of the fundamental group of ft may he taken to 
he a set of generators of the fundamental group of ft. 

Every 2-cell a? of determines a relation among the g's. 
For let a be an oriented 1-cell whose initial point is Q and 
whose terminal point, P, is on the boundary of a\ and let h 
be an oriented 1-cell having P as initial and terminal points 
and coinciding in a non-singular way with the boundary of a\. 
Then a-h-a^^ is one of the g's and is expressible in terms 
of the generating operation of the fundamental group of ft. 
Hence 

a • h • a~^ — 1 

is a relation among the generators of the fundamental group 
of ft. 

If a\ is another 2-cell of ft whose boundary has an oriented 
1-cell mi in common with the boundary of aj, the boundaries 
of a\ and a? can be expressed in the forms . 
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m,^ • and 

respectively, where and wg are oriented l-cells. The 
boundary of the 2-cell 6^ composed of a\ and a? and the 
points of mi exclusive of its ends is then 

• wij • tw• Wg — • wig. 

Moreover a may be taken to be a 1-cell joining O to an 
end of mi. The relation determined among the generators 
of Cg by a\ is therefore 

(1) a • WH • mi • a~^ — 1, 
that determined by a? is 

(2) a • • wig • — 1 

and that determined by .6* is 

(3) a • wig • • a • wi”^ • = 1. 

The equation (3) is jobviously a consequence of (1) and (2). 
Hence any 2-cell on Cg which is composed of cells coincident 
with the cells aj, aj, aj gives rise to a relation among the 
generators of the group which is a consequence of those 
determined by the 2-cells a^, • • aj . 

But any 2-cell on C* is homotopic with one which is com¬ 
posed of cells coincident with 0-cells and 1-cells and 2-cells 
of Cg. Hence any relation among the generators of the 
group is expressible in terms of the relations determined by 
the 2-cells of Cg. Hence the group has ctg generating relations, 
some of which, in general, are redundant. 

23. In case Ci defines a closed manifold M^, its group G 
can be obtained in a simple form by considering Cg reduced 
as in § 62, Chap, n, to a single 2-cell bounded by a linear 
graph Cl in which there are Ei — 1 linearly independent 
circuits. It follows readily that G is generated by Ei — 1 
generi^rs connected by one generating relation. If Ci is 
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further normalized as outlined in § 65 this relation may be 
reduced to one of the following three forms 

( 1 ) = 1 

(2) a^■h^■ Of> -K^ bp- a"' • ’ • Cj • = 1 

(3) ...aj,-hp-a-^.b-^.q.c^-c,.c, = 1 

in which the a’s, h's and r’s are generating operations and 
the relation (1) corresponds to a two-sided manifold of genus p, 
(2) to a one-sided manifold of the first kind, and (3) to a 
one-sided manifold of the second kind. The generating 
relations (2) and (3) can also be written in the from 

(4) 1 

which is equivalent to (2) if i?, — 1 = 2p 4-1 and to (3) if 

JSi —1 = 2p + 2. 

The fundamental group of a closed manifold is infinite 
except in the case of the sphere, for which the group is the 
identity, and of the projective plane, for which it consists of 
one operation of period two and the identity. 

24. An important though obvious consequence of the last 
sections is that any discrete group with a finite number of 
generators is the fundamental group of a two-dimensional 
complex. For, given a group with n generators g 2 y • • gn 
and k generating relations, construct a linear graph Ci con¬ 
sisting of a point 0 and n closed curves having 0 and no 
other points in common. Let one of these curves correspond 
to each generator. The left hand member of each generating 
relation denotes a closed cui've on Ci. Introduce a 2-cell 
(whose boundary is in general singular) bounded by each of 
these curves. The result is a two-dimensional complex having 
the given group as its fundamental group. 

The Commutative Group G 

25. Suppose that a group G is determined by n generators 

I 9n and a number k of generating relations. The 
latter may be written in the form 


10 
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9^1 ''9^ • 



Vs”-' 

■9i'"=i 

(1) ; ; ; ; 


. . . 




■ 9n"-91"-91^ 

• • • 

■9i''-9i"-- 

■ = 1 


The exponents of the ^’s are positive or negative integers 
or zero. The group is characterized by the matrix of the 
exponents. This matrix has k rows and a number of columns 
which is a multiple of w. It will be called the matrix of 
the group. 

If the group G is commutative, that is, if //, • gj = gj • gi for 
all values of i andj, the left member pf each expression 
in (1) can be wi-itten in the form 


Hence in this case the matrix is one of k rows and n columns. 

If G is not commutative there is a unique commutative 
group G associated with it, namely the group generated by 
9ii • • •> 9n subject to the conditions (1) and the condition 
that all the operations are commutative. The matrix of G is 

I Yrs II (r =-= 1, 2, • ♦ A-; .9 ^ 1. 2, .. n) 

where 

Yrs ~ ar8-\-hrs-\- * • * -\-jrs • 


26. Regarding G as the group of a two-dimensional complex, 
the commutative gi’oup G can be studied by means of the 
matrix For let the oriented 1-cells a\ {i ~ 1,2, •••,«!) 
be denoted by o'*, and also, in the present section, denote 
the number a, by A. Then each of the generators ^i, g^, 
•. •, gn can be expressed in the form 


( 2 ) 




(2 = 1,2,..., n). 


On substituting these expressions in (1) we find the generating 
relatjpiwis of G expressed in terms of the o's. If the group 
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is set up in the manner described in §22 each of these 
relations takes the form 

(3) = 1 

where Ij is a set of tr’s representing a curve from O to a point 
on the boundary of one of the 2-cells a? and nij represents 
the boundary of the 2-celI. 

On passing to the group G by introducing the condition 
of commutativity (3) becomes 

(4) mj — 1. 

Since mj represents the boundary of the 2-cell (4) is 
expressible in the form 

(5) ... o-'A. - 1 0 = 1,2, 

in which the exponents are the elements of the ./th column 
of the matrix E 2 . Hence the generatiny relations of the 
group G when expressed in tei^ms of o'!, <^ 2 , • • take the 

form (5) in which the matrix of iJte exponents is the matrix 
obtained by interchanging the rows and roJumns of Eg. 

It is worthy of comment that whereas the group G is defined 
in terms of a definite point O of G (an isomorphic group is 
obtained from any other point O'), the group G has no 
reference to any particular point O. This is because the 
terms Ij and in (3) cancel out when the assumption of 
commutativity is introduced. 

27. The fundamental group G is such that 

gx 1 

signifies that the closed curve represented by gx bounds 
a 2-cell on Og. The geometric significance of the group G is 
equally simple. If gy is an element of this gi'oup 

(6) gy - 1 

signifies that the closed curve or set of closed curves represented 
by gy bounds a two-dimensional complex on O, or in other 
words, 

( 7 ) !fy ~ 0 


10* 
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where we now let gy stand for the oriented curve obtained 
by identifying the initial and terminal points of the oriented 
1-cell Qy, That (6) and (7) have the same geometrical 
significance is immediately evident if one compares the steps 
by which (6) is obtained from (5) with those by which (7) 
is obtained from the fundamental homologies of § 28, Chap. IV. 

Equivalences and Homologies 

28, The operation of combining two elements of a group 
which is called multiplication in the sections above can equally 
well be denoted by the sign + and called addition. This is 
done in fact by Poincar^ in a number of places. He thereby 
replaces any relation of the type (1) by 

(8) Ongi + ai2^2 H-+ dingn H-+it2.^2 * • • -\-jingn = 0 

which he calls an equivalence. In an equivalence the operation 
of addition is non-commutative. The equivalence (8) signifies 
that the elements on the left-hand member constitute the 
boundary of a 2-cell on Cg. To develop the theory of equi¬ 
valence further would amount merely to repeating the theory 
of the group 6^ in a different form. Any equivalence can 
be derived from the corresponding group identity by the 
formal process of taking logarithms. 

Poincare also makes use of a second class of equivalences 
which he calls improper equivalences. These are obtained 
from the proper equivalences by dropping the restriction that 
each 1-cell shall begin and end at 0 and allowing cyclic 
pei'mutation of the terms of an equivalence. Thus if two 
1-cells are properly equivalent they are homotopic by a de¬ 
formation through intermediate positions each of which is 
a l-ceLl whose ends coincide with 0. If they are improperly 
equivalent they are homotopic in the general sense. 

It should be noted that the equivalences and congi'uences 
(§ 25, Chap. IV) of Poincare are entirely different notions 
although they are designated by the same notation. 

29. Any equivalence (8) gives rise to a homology 

W ' Yi\ g\ + yt2 ^2 + • • • + Yin gn ~ 0 
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which is distinguished from (8) by the fact that the commutative 
law of addition holds good and by the fact that 

Yik ~ (iik-\r hk-{- • • • -\-jik (A: — 1, 2, • • •, n). 

The homologies thus correspond to the identities of the 
group G, which may well be called the homology group. 


The Poincard Numbers of G 

30. Let us consider a set of n operations of G, 
where 

ff'i = ol" • gl" ■ • • ■ • • g\" ■ gi" ■ ■ ■ g^r 


( 10 ) 


g'n = gi" ■ gt' ■ • • gl"" ■ • • gr • • • .C" 

and inquire under what circumstances they can serve as 
a set of generators for O. A necessary and sufficient con¬ 
dition for this is obviously that with the help of the generating 
relations (1) it shall be possible to solve the equations (10) 
so as to express gi, g^y • • gn by equations analogous to (10) 
in terms of gi, g'ly But it is not at all clear what 

conditions must be satisfied in order that this solution can 
be carried out. 

The equations (10) determine an analogous set of equations 
for the commutative group G 

(11) S',' = .9^“ .y"” • • • 5^'" (* = 1,2, • • •, n) 

in which 

f^ij “ • • • + tij. 

A solution of the equations (10) must correspond to a solution 
of the equations (11). But since the elements in (11) are 
commutative the process of solution is entirely analogous to 
that of solving the linear equations, 

Xi = fin Xi + fli2X2+ • • ♦ + g'in Xn (^ 1, 2, • • •, n) 

in terms of integers. A condition that a unique solution in 
integers shall exist is 
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( 12 ) 


fill Mia • * • Mm 
M*i Maa * * ‘ Man 


Mnl Mn2 * • * Mnn 


= zb 1. 


31. If is to be expressed in terms of the generatoi*s 
" g'n, the expressions for 9i, 9tf - -'f 9n in terms of 
9if 92 i"', 9 n must be substituted in the generating relations (1) 
in order to obtain a new set of generating relations in terms 
of 9iy 92 , When this set of generating relations is 

modified by allowing all elements to be commutative it becomes 
a new set of generating relations for G, This set of gener¬ 
ating relations for G could also be obtained by substituting 
directly the solutions of (11), if the latter exist. This amounts 
to multiplying the matrix ||yrs|| on the right by a square matrix 
of n rows and determinant dz 1. 

The generating relations (1) can also be modified by 
replacing them by equivalent expressions resulting from 
algebraic combinations. As applied to the matrix WrrsW this 
means multiplying it on the left by a square matrix of k 
rows and determinant zbl. 

The two operations on {^rraW are the operations required 
to reduce a matrix to the normal form E* given in § 48, 
Chap. I, in which all elements are zero except the first r 
elements of the main diagonal which are denoted by rfi, • • •, rfr. 
This reduction of Hrr^H to normal form determines one or 
more transformations of the generators and generating relations 
of G to such a form that it has n generators subject to r 
generating relations, 



II 81- 88] 


THE FUNDAMENTAL GROUP. 


151 


In case certain of the numbers di, dr are 1, the 

con*esponding generators of O will be equal to the identity. 
In this case the symbols for these generators may be omitted, 
for O is unaffected by introducing or removing a generator gi 
which satisfies the condition = 1. 

32. Those of the numbers d^, di,--‘,dr which are not 
equal to 1 have been called by H. Tietze* the Poincare 
numbers of the discrete group O, They are invariants of O 
undey' all transformations to new sets of generators. This is 
proved as follows. 

An operation of O is of finite period if and only if it is 
in the group H generated by the operations gi, g%, • • gr 
and the relations (13). Hence H contains all operations of G 
of finite period. Moreover is a finite group because it is 
commutative and generated by a finite number of operations 
each of finite period. The invariant factors of \Yit\ are 
invariants of H, This follows from §§ 35-37, Chap. IV. 

These invariant factors are invariants of G because G 
determines the commutative group G uniquely and G deter¬ 
mines the finite group H uniquely and H determines the 
invariant factors uniquely. Hence the transformations of the 
generators and generating relations of G do not change the 
Poincar^ numbers. 

33. If G is the fundamental group of a complex Cn it is 
evident from § 13 that G is the fundamental group of the 
two-dimensional complex composed of the 0-, 1-, and 2-cells 
of any regular subdivision of Cn. Hence the Poincard numbers 
of G are the invariant factors of the matrix for this 
regular subdivision. Hence they are the onc’dimensional 
coefficients of torsion of Cn- 

Whether there exist generalizations of the fundamental 
group, and whether, in particular, these generalizations can 
be made in such a way as to bear a relation like the one 
just described to the w-dimensional Betti numbers and co¬ 
efficients of torsion is a problem on which nothing has yet 
been published. 

* Monatshefte fUr Math. u. Physik, Vol. 19 (1908), p. 56. 
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34. The equality of the Poincare numbers of two discrete 

groups, G and O', is a necessary condition that the two 
groups be isomorphic, but it is far from being a sufficient 
condition. In fact, the problem of det(jrmining by a finite 
number of steps whether two groups, each given by means 
of a set of generators and a set of generating relations, 
are or are not isomorphic, seems to be a very difficult one. 
A clear discussion of this problem as well as of the general 
theory of discrete groups is given by M. Dehn, Math. Ann., 
Vol. 71 (1912), p. 116. The isomorphism problem has been 
solved for the following special case by J. Nielsen, Math. 
Ann., Vol. 79 (1919), p. 269: Let G be generated by n 
operations Ox. gn subject to no relations, and let 

9u 92 ^ gn be a set of w operations of G which are subject 
to no relation; to determine by a finite number of steps 
whether the second set of operations also generate G, Further 
accounts of the theory of discrete groups, particularly the 
groups of two-dimensional manifolds, are to be found in tlie 
Kiel dissertation of H. Gieseking. 

35. In an earlier paper (Math. Ann., Vol. 78, p. 385), 
Nielsen solves the isomorphism problem for the case n — 2 
and applies the results to the study of systems of curves on 
the anchor ring. In the Math. Ann., Vol. 82 (1920), p. 83, 
he obtains a formula for the minimum number of fixed points 
of a horaeomorphism of a two-dimensional manifold of genus 1 
with itself in terms of the type of the homeomorphism, the 
type being determined by the isomorphism of the fundamental 
group which is effected by the given homeomorphism of the 
manifold. This is one of the papers referred to in § 7. 

Covering Manifolds 

36. The fundamental group of a complex Cn determines 
a covering manifold in the following manner. Let 0 be an 
arbitrary fixed point of Cn and let A be a general point. 
If be any oriented 1-cell joining 0 to A it determines an 
infinjite set of oriented 1-cell joining G to A which is such 
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that any oriented 1-cell of the set can be deformed into or' 
through a set of intermediate positions all of which are oriented 
1-cells joining 0 to Z. The oriented 1-cells of such a set 
are said to be equivalent to one another. If ^ is any operation 
of the fundamental group, which is distinct from the identity, 
g • is not equivalent to The set of all non-equivalent 
oriented 1-cells joining 0 to Z may be represented in the 
form g • where is fixed and q may be any operation 
of the fundamental group. 

A set of points [Y] on Cn may be defined by the convention 
that each F is an Z associated with the set of all oriented 
curves equivalent to a certain oriented 1-cell joining 0 to Z. 
Thus for each Z there is a set of F’s which is in (1-1) 
correspondence with the operations of the fundamental group. 
A 1-cell a' composed of Z’s determines a set of 1-cells com¬ 
posed of 7’s each of which covers a\ and there is one such 
1-cell covering a' for each operation of the fundamental group. 
Similarly a A:-cell (/r = 0, 1, • • n) composed of Z’s deter¬ 
mines a set of A:-cells composed of F’s, each such A:-cell covering 
a^, and the totality of /^-cells which cover being in (1 1) corre¬ 
spondence with the operations of the fundamental group. 

37. In case n — 2 and is a complex determining a 
sphere, the set of points [Y] is evidently a sphere covering 
once, because the fundamental group of Cg is the identity. 
In case C 2 is a projective plane, [F] is a sphere covering Ci 
twice. This follows because the group of the projective plane 
is a cyclic group of order two. The set of points [F] is 
essentially the same as the two-sided covering surface of 
a projective plane considered in § 11. 

In general [F] is a complex of an infinite number of cells. 
If C 2 defines an orientable manifold not a sphere or a pro¬ 
jective plane, [F] is homeomorphic with a single 2-cell. For 
a proof of this theorem and for a further consideration of 
covering manifolds, the reader is referred to the book of 
H. Weyl, Die Idee der Riemannschen Flftche, Leipzig, 1913. 

The set of points [F] is called a universal covering surface 
of C 2 in case C 2 defines a manifold. If C* is reduced to 
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a noimal form as in § 65, Chap. II, so that 6* has only one 
2-cell, the 2-cells of [Y] which cover it may be regarded as 
constituting a network of regular polygons of 4p sides each, 
in a Euclidean {p = 1) or non-Euclidean plane. This is 
therefore the point at which the well-kn'own applications to 
Automorphic Functions and the Uniformization theory fit into 
our outline of Analysis Situs. 

Three-dimensional Manifolds 

38. In the case of a two-dimensional manifold the funda¬ 
mental group determines the orientation and the connectivity 
and therefore, the manifold, completely. In the three-dimen¬ 
sional case, such invariants as are known can be derived 
from a consideration of the fundamental group. For it has 
been shown above that the one-dimensional coefficients of 
torsion can be obtained from the group and from §§ 25, 27 
and 31 it follows that Pi is equal to the difference between 
the number of generators and the rank of the matrix ||;'vl|* 
Also, by § 19, Chap. IV, Pi = Pg if the manifold is orientable 
and Pi = Pj-f-1 if it is one-sided. Hence Pi, P 2 , and the 
coefficients of torsion are all derivable from the fundamental 
group. 

It is natural to ask whether the fundamental group is 
determined by Pi and the coefficients of torsion. This question 
was answered in the negative by Poincare, who showed that 
there are manifolds for which Pi = 1 and the coefficients 
of torsion are absent and for which the group does not 
reduce to the identity. An infinite class of such' manifold 
has been studied by M. Dehn, Math. Ann., Vol. 69 (1910), 
p. 137, and called by him the Poincare spaces. The group of 
a Poincare space may be either finite or infinite. 

It has also been proved that a three-dimensional manifold 
is not fully determined by its fundamental group. This was 
established by J. W. Alexander (Trans. Am. Math. Soc., Vol. 20 
(1919), p. 339) by setting up two non-homeomorphic three- 
dimensional manifolds which have the same group, the cyclic 
groiq^'of order 5. 
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39. The problem still remains unsolved, however, to deter¬ 
mine whether there is my three-dimensional manifold other 
than the three-dimensional sphere the fundamental group of 
which reduces to the identit 3 \ 

The group of the covering manifold determined for any 
manifold Mn by its fundamental group obviously reduces to 
the identity. Hence in case the covering manifold is closed, 
the solution of this problem has an important bearing on 
the study of a manifold by means of its fundamental group. 

The problem may be not entirely unrelated to the problem 
of generalizing the Schoenflies theorem referred to in § 19, 
Chap. III. The latter theorem has not yet been proved (so 
far as known to the writer) even for the following special case: 
Given a non-singular and simply connected two-dimensional 
polyhedron in a'Euclidean space; to prove that the.interior 
region of this polyhedron is homeomorphic with the interior 
of a tetrahedron.* 

The Heegaard Diagram 

40. The most direct way of attacking the problem of 

classifying three-dimensional manifolds is to try to reduce 
them to normal form by a process analogous to that out¬ 
lined in § 62, Chap. II. If we start with a non-singular 
complex Ca defining an orientable manifold and perform 
a sequence of operations (1) of coalescing pairs of 3-cell 
which have a common 2-cell on their boundaries and (2) of 
shrinking to a point 1-cells which join distinct points, Cs is 
reduced to a complex Ca consisting of one 3-cell and one 
0-cell and equal numbers, a, of 2-cells and 1-cells. Hence 
Mi may be represented by means of the interior and boundary 
of a Euclidean sphere, the boundary being a map all the 
vertices of which represent the same point of The 

2-cells of this map fall into a pairs each of which represents 
a single 2-cell of Ci, The 1-cells of the map fall into a sets 

* This case has been proved by J. W. Alexander, Proc. Nat. Acad, of 
Sci., Vol. 10 (1924), pp. 6-8. The problem for a polj'bedron in Euclidean 
n-space is still unsolved (1930). 



156 


ANALYSIS SITUS. 


[Chap. V 


such that all 1 -cells in the same set represent the same 
1 -cell of Cs'. 

41. This representation of a manifold ifs by means of a sphere 
has not yet proved as fruitful as the related Heegaard diagram 
which may be obtained as follows: Let the 0-cell of Cs be 
enclosed by a small 3-cell containing it and let each of the 
1-cells of Ca be enclosed by a small tube containing it. Thus 
we obtain a three-dimensional open manifold Zs bounded by 
a two-dimensional manifold consisting of a sphere with 
a handles. is orientable if and only if is orientable. 
In case ifs is orientable Zs can be represented as the in¬ 
terior of a sphere with handles having no knots or links in 
a Euclidean 3-space. (Cf. § 44.) 

The 2-cells of ft' meet in a system of a curves no 
two of which intersect and which bound a set of « 2 -cells 
a\y aly •••, al contained in the 2-cells of Cg. The points of 
the 2-cells af together with the points of the 3-cell of 
which are not in Zs or Ms constitute the interior of an open 
three-dimensional manifold Ns bounded by M^, 

Thus Ms consists of two open manifolds Z 3 and Ns which 
have a common boundary, Ms. It is clear that Ms is fully 
determined if Zg, Ms and the boundaries ci, cg, •••, Ca of the 
cells a? are given. For the manifold M^ can be reconstructed 
by putting in 2 -cells bounded by the curves Ci, c*, • • •, Cn and 
a 3-cell bounded by Ms and these 2-cells, each counted twice. 

The representation of a manifold by means of Z 3 , Jfg, and 
Cl, c*, •••, c« is called the Heegaard diagram. It is due (in 
a form which generalizes to n dimensions) to P. Heegaard 
in his dissertation, Forstudier til en topologisk teori for de 
algebraiske fladers sammenhaeng, Copenhagen, 1898 (republished 
in the Bulletin de la Soc. Math, de France, Vol. 44 (1916), 
p. 161). It is also described very clearly by M. Dehn, Math. 
Ann., Vol. 69, p. 165. Dehn draws from it the corollary that any 
Ms can be defined by a non-singular complex having four 3-cells. 

42. The curves Ci, Cg, •••, are the boundaries of a set 
of 2-cells which reduce Ns to a single 3-cell. In like manner 
there a set of a curves, d^ ds, • -y da no two of which 
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have a point in common and which bound a set of a 2-cells 
which reduce to a single 3-cell. Moreover and the 
two sets of curves fully determine 

In fact, suppose we have a manifold of genus a and 
two sets of curves Ci,Ca, and each 

set being such that no two of its curves have a point in 
common and such, moreover, that by introducing « 2-cells 
each bounded by one of the curves, is converted into 
a complex which can bound a 3-cell if each of the a 2-cells 
is counted twice. Then if we introduce a set of 2-cells of 
this sort for the curves Ci, Ca, and a 3-cell bounded 

by the resulting complex we obtain an open manifold 
bounded by If now we introduce another set of a 

2-cells bounded by di, da and having no points in 

common with each other or with Xs, or 34, we can introduce 
another 3-cell bounded by M 2 and these 2-cells. The resulting 
three-dimensional complex is clearly a manifold which is 
homeomorphic with Ms if M 2 and the curves were determined 
from Ms in the manner described in the paragraph above. 

43. The problem of three-dimensional manifolds is thus 
reduced to one regarding systems of curves upon a two- 
dimensional manifold. The modifications which can be made 
in the systems of curves of a Heegaard diagram without 
changing the manifold Ms represented by the diagram have 
been studied (though not completely) by Heegard in his 
dissertation. The most important results thus far obtained 
on systems of curves are those of Poincare in his fifth com¬ 
plement, in which he was evidently considering the problem 
of three-dimensional manifolds from approximately the point 
of view outlined in the last section. Reference should also 
be made in connection with the problem of systems of curves 
on two-dimensional manifolds to two articles by C. Jordan 
in the Journal de Mathematique, Ser. 2, Vol. 11 (1866), to an 
article by Dehn, Math. Ann., Vol. 72 (1912), to the dissertation 
of J. Nielsen, Kiel, 1913, to the article by Brahana cited in 
§ 65, Chap. II, and to the articles on the group of a two- 
dimensional manifold already referred to in this chapter. 
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The Knot Problem 

44. Very closely related to the problem of classifying the 
three-dimensional manifolds is the problem of classifying the 
knots in the three-dimensional Euclidean or spherical space. 
A knot may be defined as a non-singular curve in a Euclidean 
space which is not isotopic with the boundary of a triangular 
region; and two knots are regarded as of the same type if 
and only if they are isotopic. 

A lai'ge number of types of knots have been described by 
Tait and others and a list of references will be found in the 
Encyklopadie article on Analysis Situs. But a more important 
step towards developing a theory of knots was taken by 
M. Dehn, who introduced the notion of the group of the knot, 
which is essentially the group of the generalized three- 
dimensional complex obtained by leaving out the knot from 
the three-dimensional space. Dehn gave a method for obtaining 
the group of a knot explicitly and applied it to the construction 
of the Poincard spaces already referred to (§ 38). Dehn’s 
work is to be found in his articles in the Math. Ann. in 
Vols. 69 and 71 to which we have already referred and in 
an article on the two trefoil knots in Vol. 75 (1914), p. 402. 

It is obvious that if a three-dimen.sional Riemann space 
of k sheets be found which has a given knot as its only 
branch curve, the invariants (Betti numbers, etc.) of this space 
will be invariants of the given knot. This method of studying 
the invariants of a knot has been deleloped by J. W. Alexander 
in a paper read before the National Academy of Sciences 
in November 1920, but not yet published.* 

* (1930.) See a paper by J. W. Alexander and G. B. Briggs, Annals of 
Math. (2), Vol. 28 (1927), pp. 562-586, and a paper by J. W. Alexander, 
Trans. Amer. Math. Soc., Vol. 30 (1928), pp. 275-306. 
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THE INTERSECTION NUMBERSf 

1. In his first memoir on analysis situsJ Poincare defined 
a number Nifkj A-fc) which had previously been considered, 
at least in special cases, by Kronecker. With certain con¬ 
ventions as to sign this number represents the excess of the 
number of positive over the number of negative intersections 
of a A:-dimensional circuit A with an (n — /r)-dimensional 
circuit Fn-k when both are immersed in an n-dimensional 
oriented manifold. The purpose of the present paper is to 
show how to calculate this number when the manifold is 
defined combinatorially as a collection of cells and the circuits 
are composed of sets of these cells; and to show how the 
matrices which represent the intersectional relations between 
the A:-circuits and the (n —/v)-circuits depend on the matrices 
of orientation of the manifold. We also define certain modulo 2 
intersection numbers and discuss the matrices connected 
with them. 

2. Let a manifold Mn be given as the set of all points 
of a complex On- Let Ch be a complex dual to Cn con¬ 
structed as explained in § 25, Chap. Ill by means of a com¬ 
plex Cn which is a regular subdivision both of Cn and of Cn. 
Every k-ceW aj of r„ has a single point P/ (cf. § 20, Chap. Ill) 
in common with a single {n — kyceW of Cn which is called hj . 
Our first problem will be to assign a positive or negative 
sign to the intersection of aj with hj 

• Reprinted, with minor changes, from the Transactions of the American 
Mathematical Society, Vol. 25 (1923), pp. 640-550. 

t Presented to the Society under a different title, April 24, 1920. 

+ Journal de I’Ecole Polytechnique, ser. 2, vol. 1 (1895). 
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In order to do this, we suppose Mn to be oriented as 
explained in Chapter IV and that all cells, circuits, etc,, are 
oriented. Moreover, in the regular complex Cn, in which 
each 2 -cell is uniquely determined by its 2 + 1 vertices, the 
orientation of the i-cell will be denoted by the order in 
which its vertices are written, and the following two con¬ 
ventions will be followed: (1) if Ao • •• Ak denotes a given 
oriented /c-cell (A: = 1, 2, • • •, n) any even permutation of 
^0 • • • Ak denotes the same oriented A:-cell and any odd 

pel-mutation denotes its negative; (2) the oriented (k — 1)- 
cell Ai A^ Ak is positively related to the oriented A:-cell 
AqAi • • • Ak. 

A simple argument by mathematical induction could, but 
will not here, be given to prove that these notations and 
conventions are consistent with themselves and with the 
definition of oriented cells. 

3. The A:-cell aj of is made up of a number of A*-cells of 
having as their common vertex. Using the notation of 
§ 20, Chap. Ill, let one of these be denoted by 

Pali ••• Pl‘~"Pj‘', 

the points P being chosen, as is always possible, so that 
the orientation of this /r-cell agrees with that of aj. In like 
manner, is made up of a number of (n — /r)-cells of C„ 
having Fj as their common vertex, and we let any one of 
these be denoted by 

rjA Jjk-\ 1 

I j 11 • ‘ • J fi J 

the points P being chosen this time so that the sense of 
the A:-cell which they represent agrees with that of hj~^\ 
According as the oriented n-cell 

P |0 -r^l J~tk —1 Yyk Trj/c-j-l 

a F Fj F • • • /6 

is positively or negatively oriented, we say that the inter¬ 
section of aj with is positive or negative. In the first 
case we write 

A(4 -- 1 
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and in the second case 

—1. 

From the definition of the points P it follows directly that 
this definition is independent of the particular cells of Cn which 
it employs. It also follows that the function N is such that 

N{aJ, 6;-^) 

Since the relation between Cn and Cn is reciprocal, the de¬ 
finition given here determines the meaning of N{h^-^y a*), 
and a count of transpositions in the notation with other 
simple considerations gives the formula 

(3.2) of) = (—6;-^). 

4. The cells of Cn and Cn are so oriented (cf. § 38, Chap. IV) 
that 

Eh ~ En—k-\-l 1 

which means that a!j is positively or negatively related to 
according as is positively or negatively related 

to Now the points Pmay be so chosen that Pa Pi P%~^ 
represents an oriented cell on and P^~^ Pj Pf^^ • • • P” 
represents an oriented cell on By the definition in 

§ 2 above, the oriented cell Pa PI - Pt ~^ is positively or 
negatively related to P® P^ • • • P*“^ Pf, and therefore to , 
according as (— 1)^ is positive or negative. On the other hand, 
pft-i pk pk+i p« positively related to P/ Pi*+" ••• P", 
and therefore to Hence if is positively related to 

jn-fc ^jc -1 ig positively related to aj and (— 
is positive or negative according as 

Pa P» • • • P,*"* Pj Pt'"'- ■■■ Ps 

is positively or negatively oriented. A similar result holds 
if is negatively related to hj~^. Hence 

hn-k) = (— 
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By repeated application of this formula we obtain 

But all the w-cells are similarly oriented. Hence the value 
of iV'Ca®, ft”) is the same for all 0-cells a°, and consequently 
the value of h^~^) is independent of j. Hence if the 
notation is so chosen that is positively oriented,* 

=1, 

N{a\,h--") = - 1 , 
iV(a?, = -1, 

- 1 , 


and all these equations are independent of ^ . 

5. An oriented complex containing x, • • •, a?"* oriented 
fc-cells coincident with aj, a^, • • , respectively, is re¬ 

presented by the notation 

(5.1) /Ic == (xy a:"*). 

Let Fn-k be an arbitrary oriented complex of Cu, so that 

(5-2) /’n-fc == (y^ 2/“*)- 

By the number of intersections of A with Fn-k^ having 
regard to sign, we shall mean the number Fn-u) defined 
by means of the equation 

a* 

7=1 *' *' 

(5.3) 

= (—l)fc(fc+i)/2 xJyj. 

* C^. Pomcftr6, Proceedings of the London Mathematical So¬ 
ciety, vol. 32 (1900), p. 280. 
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(If 0, we say that I'k and do not intersect.) If 
we recall that there are no intersections of cells of of 
dimensionality less than h with cells of Tn-fe and that no 
cell aJl intersects a cell unless i=j, it is clear that 
this definition is in accordance with geometric intuition. 

6. The last equation has as obvious corollaries the equations 

(6.1) K-k) = ru) + i^(A, rU), 

(6.2) mr,, rU+y^Lk) ^ W, rU)+N(rk, ytU), 

from which it follows that it rl (i — 1, 2, • •afc) is any 
set of Zc-dimensional complexes of which all A:-dimensional 
complexes of Cn are linear combinations and Fn-k (^ = 1, 2, 

• • •, ftfc) a set of (n — A:)-dimensional complexes of which all 
(w — A:)-dimensional complexes of Cl are linear combinations, 
then if 

ttk 

(6.3) A = y xi n 
and 

a* 

(6.4) Ffi—k yj^n—k 

where the a:’s and are integers, then 

at a* 

(6.5) N{ru, K-u) = Z .S yj N{n, riU). 

t=^l j = l 

Hence the intersection numbers of all /c-dimensional ‘com¬ 
plexes of Cn with all {n — fc)-dimensional complexes of Cl 
depend on the matrix of numbers iV^(rfc, In-^). By choosing 
the complexes Fl and Fi^-k in the normal manner described 
in Chap. IV this matrix may be given a very simple form, 
which we shall determine in the next three sections. 

7. As proved in §§ 15, 16, Chap. IV, a set of A:-dimensional 
complexes upon which all the complexes formed from cells 
of Cn are linearly dependent may be so chosen as to consist 
of (1) a set of Pk—y non-bounding sets of circuits which 
we shall denote by (z = 1, .. Pfc—1), or in Poincare’s 
notation, 

(7.1) Fi = 0’ 


11 * 
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(2) a set of tk sets of circuits yil (« = 1, • • •, ) which 

satisfy the homologies 

(7.2) 

in which it represents a A:-diinensional coefficient of torsion; 

(3) a set of rk-\-i — Tk bounding sets of circuits Gl 

(7.3) 

and (4) and (5) two sets of complexes Ol and which 
are not sets of circuits but satisfy the following congruences: 

(7.4) Ofc = 0<^< rfe —Tfc-i, 

(7.5) >pt= it~^A-i, 0 < ^ < Tk-i, 

in which 0^-1 and ^*-1 are defined by replacing k by k —1 
in (7.3) and (7.2). 

These relations are derived from the matrix equation 

(7.6) Ek-Dk = Ck-.-Ei^ 

which arises in reducing (cf. §§ 14-16, Chap. IV) the orientation 
matrix Ek to normal form. The matrix Ek is one in which 
all elements are zero except the first elements of the 
main diagonal. The first rk — 't^k-i of the non-zero elements 
are 1 and the remaining Tk-i are the coefficients of torsion 
of dimensionality k — 1. 

The first Vk — ^k-i columns of Dk represent the complexes <Z>i, 
the next tk-i columns represent the complexes the next 
P/c — 1 columns represent the sets ot circuits P^, the next 
rk\-i — columns represent the sets of circuits 0/c, the 
next Tk columns represent the sets of circuits Thus, for 
example, if the ^th column of Dk (0 < j < Vk — Tk-i) is 
(^ijf ^ 2 jy - - j xa,j) we have 

(7.7) <Di == {xij, X2jy - •, XaJ, 

Th^^cojumns of the matrix Ck-i are the same as the columns 
of P/T-i in a different order, and each complex represented 
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by a column of Dk is bounded by the circuit or set of 
circuits represented by the corresponding column of the 
matrix Cu-i • Eu . It is from this fact that the congruences 
(7.4) and (7.5) are derived. The fact that e{ are 

sets of circuits is a consequence of the fact that all elements 
of Ek subsequent to the r^th column are zero. 

The homologies (7.2) and (7.3) arise by similar reasoning 
from the matrix equation 

(7.8) Ek+i • = Ck • Ek+i 

in which it is to be remembered that the columns of Ck are 

the same as those of Bk in a different order. 

8. The (w—-A:)-dimensional complexes required in the for¬ 
mulas of § 6 may be determined by Xhe same process as 

described in § 7, from the matrices of the dual complex Cn, 

The matrices of the dual complex are related to those of 
Cn by the equation (cf. § 38, Chap. IV) 

( 8 . 1 ) En—k ~ Ek+i 

in which En~k is the matrix of the relations between 
{n — h —l)-cells and (n —A:)-cells of Cn and EL-^i is the 
matrix obtained by interchanging rows and columns of Ek-^-i . 
The equation (7.8) gives the following: 

Ck^ •Ek^^^Dk^^ = EC^r, 

Dk-\-\ • Ek^i' Ck^ — Ek hi, 

En-k • Cite ^ 1 • Ek^i . 

The columns of Ck^^ determine a linearly independent set 
of complexes analogous to those determined by the columns 
of Dk* They are described by the following homologies and 
congruences, written in the order of the columns of Ck : 

(8:2) oLk = (— !)“*+*-’■*+> ©i-fc-i, 0 <j ^ rfc-K—r/c; 
(8.3) ^ (—0 <j < Tu; 
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(8.4) 0<i<P*-l; 

(8.5) ~ 0, 0<j <ric — Tk-i; 

( 8 . 6 ) ~ 0 ; 0 <> < Tk-i. 

—l' 

9. Since the columns of Ck are the same as the rows 
of C5r\ the matrix equation 

(9.1) • Ct = 1 

implies the relations 


(9.2) 


X^j Xip = 


1 if ji = p 
0 if > 4^ p 


between the columns*(a:y, xy, ■•■,Xttj) of Ck and the columns 

{xip, xipf • • •, Xa^p) of Ofc . But by (5.3), and using the fact 
that the columns of Ck are obtained in a particular way from 
those of Dk (§ 16, Chap. IV), this j^mplies that the intersection 
numbers of ri’> etc., with rjl-fc, etc., are zero 

except in the following ak cases, written in the order of the 
columns of Ck ^: 

(9.3) N(ei oLk) = (- 0 <j < rk^i-Tk’. 

(9.4) N{A, lui-k) == (- 0<j£Tk; 

(9.5) Nin, ri-k) - (-l)*<^+i)/2, o<j £ Pk-1; 

(9.6) N{0i &Lk) = 0<j < rk-Tk-u 

(9.7) M-k) = (- 0<j^ Tfc-i. 


Thus, each set of ^-circuits intersects the corresponding 
set of (n—fc)-circuits once and intersects no other of the 
fundamental (w—fe)-dimensional complexes. None of the other 
sets of fe-circuits (^i or ©*) intersects any (w—fc)-circuits, 
but each ©i intersects a complex 0h-k which is bounded 
^ (—1)“*+’“'^*+* Qn-k-^i] and each intersects a complex 
'which is bounded by (— 1 taken times. 
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Thus we may say that each 0* Ziwfes one and only one 
^n-k-i once and each links one in a manner 

which ma}’^ be described as a fractional number of times, 
A further study of these linkages would carry us 
beyond the bounds of the present paper. 

10. The matrix spoken of at the end of § 6 is now seen 
to consist entirely of zeros except for ajc elements whose 
value, ± 1 in every case, is given by equations (9.3), •••, (9.7). 
If we limit attention to sets of circuits the only non-zero 
terms which remain are those given by the intersections 
of •••, with the corresponding non-bounding sets 

of (n—fe)-circuits. The matrix is therefore one which consists 
entirely of zeros except for the first Fk — 1 terms of the 
main diagonal which are all Ts. For any set of Z:-circuits 
Fk of Cn we have 

-P*—! ‘*‘k 

( 10 . 1 ) Fk = ^ XiFk-{-^ yiy^k-]- 2 Zi^k 

i = l i = l < = 1 

and for any set of {n —^)-circuits of Cn we have 

(10.2) h-k = Z^rLic+2yiyLk+ z z'i&i-k- 

t = l 1 = 1 » = 1 

When these expressions are substituted in (6.5) there results 

(10.3) mn, r„-k) = (— 

i = l 

Thus we have the theorem that if 

(10.4) Fk'^^ Xi Fl-\-^ yi yik 

f=i 

and 

(10.5) 

then the intersection number of Fk with F^-k is given by (10.3). 

This theorem has the corollary that pFk^O for some 
p 4^ 0, is equivalent to the equation 

NiFk, A-fc) = 0 
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for the one set of circuits /* and all sets of circuits 

^n—k‘ 

From this it follows that if is any set of A:-circuits 
composed of cells coincident with cells of^ Cn and such that 

for 4 0 , 

pt)c^pl\ 

then _ 

mn, Fn-k) = iV(/V, Fn-u). 

11. Incidentally it may be remarked that (10.4) and (10.5) 
give rise to the following “homologies with division allowed”: 

p,-i p,-i 

Fk ~ Xi Fkj 1 u—k ~ Xi Fu—k’ 

i-=l 

Whenever these homologies are satisfied the equation (10.3) 
is satisfied. As remarked by Poincare, it is because the 
intersection numbers are more closely related to the homo¬ 
logies with division allowed than to the ordinary homologies 
that his attempt to prove the Euler theorem and the theorem 
about the duality of the Betti numbers by means of the 
intersection numbers was unsuccessful. 

12. The fundamental sets of circuits which appear in the 
formulas of § 10 are chosen in a very special manner. 
A perfectly arbitrary fundamental set of non-bounding sets 
of A:-circuits is however related to this special set by homo¬ 
logies with division allowed 

in which the (Pfc—l)-rowed determinant |aj| = il. 
A generd fundamental set of non-bounding sets of (n —A:)- 
circuits Gh-u is related to the special set by an analogous 
set of homologies. Hence the matrix of the intersection 
numbers „ 

mol oi-k) 

is one of Pk — 1 rows and Pu —1 columns, of rank Pk — 1 
and having all its invariant factors unity. 

13. For some purposes it is desirable to introduce inter- 
sectiSli numbers which do not distinguish between positive 
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and negative intersections. The theory of these numbers is 
much simpler than that which we have been developing 
because all the determinations of algebraic sign in §§ 2,3,4, 5, 8 
can be omitted. We simply replace the definitions * of §3 
by the agreement that 

M{(u, hr'‘) = 1 or 0 


according as a? and bj ^ have a common point or not. Then 
the definition in § 5 is replaced by 

M{ru, n^u) =Z 

j -^1 

the sum being taken modulo 2. 

The determination of the intersection numbers of fundamental 
sets of A;-circuits and (w—^)-circuits in §§ 7, 8, 9 is replaced 
by an analogous theory based on the matrices Ak-i and 
Bk which arise in the reduction of the incidence matrix ffk to 
normal form (cf. §§ 11-14, Chap. III). The result obtained 
is that there exist a set of A:-circuits and 

a set of (n—A:)-circuits f'n-ky * * *> 


and if 


then 


«_.) = I J “ ’ ^ 

R^—1 

Tfc ~ XiFl, 

i = l 

1 

I"n-k ~ 2 Vi^n-ky 


Jlf (r*, r„_k) = ^ Xiyi (mod 2). 


It should be observed that these formulas cannot be 
obtained by reducing the formulas of § 10, modulo 2, because 
the formulas of the present section take account of non- 
orientable sets of circuits which do not enter into the theory 
of oriented intersections. 
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ON MATRICES WHOSE ELEMENTS ARE INTEGERS. 
By Oswald Veblen and Philip Franklin. 


Introduction. 


1. The purpose of this article is strictly expository. The 
aim is to set forth some of the theorems on matrices whose 
elements are integers. These theorems have applications in 
Analysis Situs and the systematic treatment of them directly 
in terms of integers here given will no doubt be useful to 
students of that subject. While the closely allied algebraic 
theory is to be found in Bocher’s Introduction to Higher 
Algebra, and the matter here given is to some extent dis¬ 
cussed in Muth’s Elementartheiler and in Scott and Mathews’ 
Determinants, there is no readily accessible treatment of the 
subject from the point of view here adopted. 

2. The object of our study will be a matrix of a rows 
and columns: 


( 1 ) 


E = 



The elements of E are integers. The term “integer” here 
includes negative integers and zero; but we shall assume 
that at least one element is different from zero. 


'^^BiQprinted, with minor changes, from Annals of Mathematics (2), 
Vol.*28 (1921), pp. 1-15. 
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Our definition of the product of two matrices liWlI and 

lU/ll is: 

(2) IIWI'= U/ll-lk/h 

where 

(3) 

The number of rows of the second matrix must be equal to 
the number of columns of the first; and the product has as 
many rows as the first matrix and as many columns as the 
second. If the matrices are square, the product will be square, 
and the determinant of the product will be equal to the product 
of the determinants of the factors. 

The inverse of a square matrix A, of determinant unity, 
will be the matrix A~~^ such that: 

A-^ A = A-A-^ =- i, 

where I denotes the identity matrix ||d^||, a square matrix 
with all the elements in the main diagonal +1 and all 
the remaining elements zeros. The element d{ of A~^ will 
evidently be the cofactor of aj in the determinant of A. 
A is restricted to be of determinant unity to insure the 
elements of the inverse matrix being integers. We might 
also admit the value —1, as is indeed found convenient in 
applications to Analysis Situs. One of the advantages of 
admitting both signs is pointed out in § 9 below. 

Elementary Transformations 

3. Let us consider two types of transformations of F: 

(a) To replace each element of the rth row (eJ) by the 

element whei^e q is either +1 or —1 and 5 4 

This operation is described as adding the sth row to the rth 
row or subtracting the sth row from the rth row. 

(b) To add a column to or subtract it from another' column. 
The operation (a) is equivalent to multiplying E on the 

left by a square matrix of a rows Ao = ||a/|| in which all 
the elements are zeros except those of the main diagonal 
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which are +1, and a* which is q. For the expressions 
given by (3) for the elements of the product, i. e., 

( 4 ) pi = 2a^-4 

reduce to the single term except when r \ in which 
case they give the two terms: 

4 + 94 - 

That is, the operation (a) transforms E into - E, 

In like manner, the operation (6) corresponds to multiplying 
E on the right by a square matrix of fi rows = 11^11 in 
which all the elements are zeros except those of the main 
diagonal which are 1 and fej which is q. 

If the operation (a) be repeated n times, where n is 
a positive integer, the effect is an operation identical with (a) 
except that q is replaced by the integer « or —n. Corre¬ 
spondingly, the effect of multiplying the matrix Ao by itself 
repeatedly is to change the element aj to ±w. 

The inverse of if aj = zb 1 is the same matrix except 
that the sign of aj is changed. Hence the inverse of an 
operation of type (a) is an operation of the same type. 
The determinant of 2 I 0 is +1 • 

Similar statements hold with regard to the operation {h) 
and the matrix Bq, 

4. The operation of interchanging two rows of a matrix 
and changing the signs of all the elements of one of them 
can he eocpressed as a sequence of operations of type (a). 
For if we add the rth row to the ^th, then subtract the 
sth row of the resulting matrix from the rth, and finally 
add the rth row to the 5th, the elements of the rth and 
5th rows (and the qth column) will be, successively: 

and the resulting matrix will thus be that obtained by changing 
the si^s.of the elements of the 5th row and then inter- 
changihg the rth and 5th rows. 



a 4 - 6 ) 


MATRICES WHOSE ELEMENTS ARE INTEGERS. 


173 


In like mnnuer, the operation of interchanging two columns 
and changing the signs of the elements of one of them is ex¬ 
pressible as a sequence of operations of type (b). 

5. In place of our two fundamental operations (a) and (b) 
we might have restricted ourselves to the operations: 

(a') To add a row to, or subtract it from, an adjacent raw, 
{b') To add a column to, or subtract it from, an adjacent column. 
To prove this, we note that the proof in § 4 shows that 
we can interchange two adjacent rows and change the signs 
of the elements of one of them, by means of operations of 
type (a'). Let us call the former operation one of type (a"). 
Then by use of operations of type (a"), we can bring any 
two given rows to adjacent positions; then use (a') to add 
one to, or subtract it from, the other; and finally use opera¬ 
tions of type {a") to return the rows to their original positions. 
In applying the operations of type {a!'), we always keep 
fixed the signs of the elements of the two rows on which 
we wish to perform the operation (a). As a result, all other 
rows end up in their original positions, with the signs of 
their elements unchanged. 

As a similar argument holds for steps {b) and (6')> if we 
replace rows by columns, we conclude that the transformations 
built up from steps (a) and (b) are no more general than those 
built up from steps {a) and (b^). 

Determinant Factors 

6. Consider the set of y-rowed (0 < y < a, y ^ fi) de¬ 
terminants which can be formed from jEJ by omitting a—y 
of the rows and fi — y of the columns in all possible ways. 
The highest common factor (H. C. F.) of such a set of de¬ 
terminants, if the determinants are not all zero, is denoted 
by and is called the rth determinant factor* of E, 

The determinant factors are unchanged when the matrix is 
operated on by transformations of type (a) or (&). For, con¬ 
sider the effect of an operation of type (a) which consists 
in adding the rth row to (or subtracting it from) the 5th, 

* Cf. Scott and Mathews’ Determinants, p. 76. 
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on the ;'-rowed determinants in question. All such determinants 
which do not contain elements from the sth row are obviously 
unaffected, while those that contain elements from both the 
rth row and the 5th are not affected because of an elementary 
theorem on determinants. The remaining r-rowed determinants, 
as Ayf which contain elements from the 5th row and not from 
the rth, are converted into determinants of the form it 
where is the ^'-rowed determinant obtained from A^ by 
replacing the elements from the 5th row by elements from 
the same columns of the matrix and from the rth row. Since 
equals plus or minus a determinant which can be formed 
both from the old matrix and from the new matrix, the 
H. C. F. is easily seen to be unchanged. 

The proof for operations of type (b) is similar. 

7. The following theorem has an application in Analysis 
Situs: If a matrix E is such that each column either consists 
entirely of zeros or contains just two elements different from 0, 
one + 1 and the other — all the determinant factors of the 
matrix are +1 or — 1. 

The theorem follows immediately from the definition of 
a determinant factor, if we observe that any y-rowed determinant 
formed by striking out (a — y) rows and {fi — r) columns of 
the given matrix has either two, none or one element in 
each column different from zero. If no column is of the 
third type the determinant is zero, since the sum of all the 
elements in each column is zero. If there is a column of 
the third type we evaluate the determinant with reference 
to such a column and then evaluate the minor with reference 
to a column with a single non-zero element in the minor, 
and so on. In this way we either arrive finally at ±1 for 
the value of the determinant, or else come to a minor with 
two or no non-zero elements in each column, in which case 
the determinant is zero. 

Reduction to Normal Form 

8. I^^tt us now consider a series of reductions of the matrix E 
which can be effected by transformations of types (a) and (fe). 
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If the first column consists entirely of zeros, add one of the 
other columns to it. Thus by a transformation of type (h) 
E is converted into a matrix which has at least one non¬ 
zero element in the first column. If the first element of the 
first column is zero, add a row which contains a non-zero 
element in the first column to the first row. Thus by a trans¬ 
formation of type (a) Ey is converted into a matrix E^ for 
which the element of the first row and column is not zero. 

We shall, now prove that if this non-zero element €\ is 
not a factor of all the elements of the matrix, we can, by 
a series of transformations of types (a) and (h), replace it 
by a numerically smaller element different from zero. 

First, if one of the elements in the first column, fj., is not 
divisible by fj, upon adding the first row to (or subtracting 
it from) the rth a number of times equal to the largest integer 
in the quotient of by e\, an element numerically smaller 
than ej is obtained in the first column and rth row. Then, 
on subtracting the rth row from (or adding it to) the first 
row the matrix is converted into one with a smaller non¬ 
zero element in place of This has been done by a 
succession of operations of type (a). Similarly, if there were 
an element in the first row which did not contain f J as a factor, 
transformations of type (&), strictly analogous to those of 
type (a) just described, could be set up which would reduce 
the numerical value of e\. 

Second, if fj is a factor of all the elements of the first 
row and first column, but is not a factor of the element in 
the rth row and ^th column, we proceed as follows. 
Upon subtracting the first column from (or adding it to) the 
ath times (transformations of type (6)), the first element 
in the 5th column becomes zero, while the rth is still not 
divisible by fj, since it has been changed by a multiple 
of e\. If we now add the 5th column to the first (an operation 
of type {h))f the element in the first row and column remains 
tfj, while the rth element in the first column is now not 
divisible by €\. Hence we may replace €\ by a numerically 
smaller element by the method of the preceding paragraph. 
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If the element which replaces is not a factor of all the 
elements of the matrix, it may be still further reduced by 
a repetition of the process described in the two paragraphs 
above. If this process be continued, we must arrive after 
a finite number of steps—the number being less than the 
absolute value of —at a matrix whose first element di is 
a factor of all the others. When this point is reached, we 
may reduce all the elements in the first column except the 
first to zeros by operations of type (a), for we have 
merely to add the first row to (or subtract it from) any 
other row the number of times the first element of this 
row contains di. The elements of the first row, with 
the exception of the first, may be reduced to zeros by 
similar operations of type (h). It is evident that all the 
elements of the matrix thus obtained contain the first element 
as a factor. 

Thus we arrive at a matrix in which the first element 
di of the first column is db the H. C. F. of all the elements 
of Et and in which all the other elements of the first row 
and of the first column are zero. By § 6, di is dr the H. C. F. 
of all the elements of E, 

9. Let Ei be the matrix obtained from E^ by deleting its 
first row and first column. By § 8, E^ may be reduced to 
a matrix with a leading element which is di the H. C. F. 
of all its elements, and having all the other elements of the 
first row and column zero. 

As the transformations of types (a) and (6) which effect 
this reduction on Es deteimine transformations of E^ of the 
same type, which leave its first row and first column unchanged, 
we may reduce the matrix E^ to a matrix Ei in which the 
first element of the main diagonal, diy is dr the H. C. F. of 
all the elements of the matrix, the second element of the 
main diagonal, eft, is dr the H. C. F. of all the elements 
except di, and all the remaining elements of the first two 
rows and first two columns are zero. 

By a continuation of this process we arrive by a finite 
sequenoir^f operations of types (a) and (b) at a matrix: 
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rf* 

0 . 

• 0 

0 * 

• 

0 

d, • 

• 0 

0 . 

■ 0 1 

0 

0 . 

■ dr 

0 . 

• 0 

' 0 

0 . 

■ 0 

0 ■ 

• 0 


in which all the elements are zero except a sequence of 
elements di, (0 < i < r) common to the ?th row and column 
and such that is zb the H. C. F. of all d/s such that 

The d/s may be positive or negative integers. We can 
make all except the last positive by a sequence of operations 
of type (a). For if dt is negative, and we interchange the 
^th and rth rows, changing the sign of the elements in the 
rth, a permissible operation by § 4, and repeat the process, 
we arrive at a form in which dt is positive and dr has 
changed sign. We may thus obtain a form in which di (i< r) 
is positive, and dr will be positive or negative. Now unless 
F7* is a square matrix whose rank equals the number of its 
rows, we can also make dr positive. This is done by inter¬ 
changing the rth row (or column) with a row (or column) 
consisting entirely of zeros and changing the signs of the 
elements in the rth, and then repeating the process. In 
case the rank of equals the number of its rows and 
columns, then the sign of dr is uniquely determined; in fact 
it is the same as the sign of E, since E and E* have the 
same value. Thus we have given unique determinations for 
the signs of the d, in E*. We shall take this matrix, with 
at most one negative element, as the normal form E* in 
the discussion which follows. 

Each operation of type (a) amounts, according to § 3, to 
multiplying the matrix to which it is applied on the left by 
a square matrix of type Aq of « rows, and each operation of 
type (h) amounts to multiplying the matrix to which it is applied 
on the right by a square matrix of type Bo of rows. Hence 
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( 6 ) A 

where ^ is a product of matrices of type and B a product 
of matrices of type Bq. It is to be noted that the deter¬ 
minants of A and B are each +!• 

We note that by allowing —1 as an admissible value of 
A or of By we can obtain a reduction to normal form 
in which every di is positive, even in the exceptional case 
mentioned above. For, supposing dr is negative, we can 
replace A by the determinant obtained from A by changing 
the signs of the elements in its rth row; and the resulting 
will have its dr positive. The result can be obtained 
equally well by changing the signs of all the elements of 
the rth column in B. 

Let us introduce the notation Di — diy ~ di dt, — * 
Dr ^ di • df ' • dry and observe that except perhaps for sign 
when r = Dy{0<r ^r) is the H. C. F. of all the 
y-rowed determinants which can be formed by striking out 
a—Y rows and — y columns from E*, That is, referring 
to § 6, they are the successive determinant factors oi E^. 
Since E^ was derived from E by operations of types (a) 
and (ft), they are also the determinant factors of E. 

Since the Z>i’s are invariant under transformations of 
types (a) and (6), the di'%, which are the quotients of suc¬ 
cessive Di^y Wt+i — Ami/A), are also invariant under 
these transformations. They are called invariant factors or 
elementary divisors.t 

The number r is also invariant under transformations of 
types (a) and {h) and is called the ranh of the matrix E. 

The Matrices of Transformation 

10. In the special case where FJ is a square matrix of 
a rows whose determinant is +1, equation (6) implies that 

fWe shall use the term invariant factor, following B6cher, Introduction 
to Higfhr Algebra, pp. 269-70, since the term elementary divisor is some¬ 
times used in another sense. 
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the determinant of JS7* is +1. Hence »‘ = o, and the 
numbers di must be +1. 

We therefore have: 

(7) 

in which ^ is a product of matrices of type A 4 )f B sl product 
of matrices of type Bq and I is the identity matrix. We 
may write (7) in the form 

(8) E ^ /. . B-K 

It is evident from § 3 that when a = fi every matrix of 
type Bq can be regarded^ also as one of type A^^^ and the 
same is true of matrices inverse to those of types Jo or^©* 
As the above equation shows that E is equal to a product 
of such matrices^ we have the theorem: Any square matrix 
of determinant unity is expressible as a product of matrices 
which may be considered to be of type A^, or to be of type B©* 
Hence to multiply a matrix E of a rows and fi columns 
on the left by a square matrix of a rows and determinant 
unity is egtiivalent to operating on E by a sequence of operations 
of type (a); and to multiply E on the right by a square matrix 
of fi columns and determinant unity is equivalent to operating 
on E by a sequence of operations of type (6). 

Also, since we may write (8) in either of the forms: 

(9) B A E==I or E B A = Iy 

it follows that if E is a sqxmre matrix of determinant unity, 
it may be reduced to the form I by operations on rows only, 
or by operations on columns only, 

11. In the case of a general matrix E, we have from (6) 

(10) A E = E^ B-^. 

Since the determinant of Br^ is 1, the H. C. F. of the elements 
of its first row is 1. Hence the H.C.F. of the elements of 
the first row of the matrix E"^ B~^ is di. As a similar 
statement applies to the remaining rows, we have the theorem: 


12* 
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Tile matrix A has the property that the H.C,F. of the 
elements of the rth row of the matrix A - E is dry the rth 
invariant factor of E (except perhaps for sign in the last row). 

This suggests a method of building up A by means of 
the theorems: 

(1) That for any set of integers a set of 

integers a{ (0 <j < a) can be found which are relatively 
prime and such that 

= h 

where t^ is the H.C.F. of the « «j’s; and 

(2) That there exists a matrix A of determinant unity 
with the numbers a{ as the elements of its first row. 

The derivation of equation (6) by this method is longer 
than that given in §§ 8 and 9 and is therefore omitted. 

Diophantine Equations of the First Degree 
12. Consider the problem of finding the integral solutions 
of the following set of equations: 

slx^ + elx^-\ -= Pj, 

( 11 ) ^ 1^1 +^2 ^ 2 + -= Pi’ 

flx^ + elx2-] - \-4x^ = p„. 

If X denotes the matrix of one column, and rows 

Xi 

and P a similar matrix with pi, P 2 , • • •, pa as the elements 
of its one column and a rows, equations (11) may be written 

QK) 



EX = P. 
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But from (6) we have 

(13) E = A-^ 
and consequently 

(14) A-^ •E* B-^ ‘X^ P, 
or 

(15) E*B-^X=~AP. 


Let us set Q = A-P, a matrix of one column and a rows, 
and denote its elements by gi, ^ 2 , • • ♦, . Also let t • • •, 2/^ 

be the elements of the matrix Y = • X, which is of 

one column and yd rows. Then (15) becomes: 

( 16 ) p-.r - Q, 

which is equivalent to the set of a equations: 


(17) 


di yi — qi 
0 = Qj 


(0< i ^ r), 
(rCj <a)y 


where r is the rank of E. If equations (17) are to be 
consistent, the qfs must all be zero, and in this case the 
solution is: 


(18) 


y. = ^ (0<^^r), 

yj is arbitrary (r<j <fi). 


Since the equations Y = B~^ • X have integral solutions 
Xiy X 2 y • • y if and only if the y's are integers, a necessary 
and sufficient condition that (11) be solvable in integers is 
that the y's be integers. 

To express a condition that equations (17) be consistent 
and solvable in integers, in terms of the coefficients of (11), 
we proceed as follows. Form the “augmented matrix” of 
the system, a matrix P of a rows and yd +1 columns whose 
^th row has as its elements: 


The matrix 8 formed by multiplying P on the left by A will 
have as the elements of its M row (0<i<a): 
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Q-ii 

where the ^/’s are the elements of the matrix: 

II./II = A^E, 

Since multiplying the matrix Shy B reduces it to the normal 
form, it may be reduced to the ^rm E* by operations on 
columns only; which shows that /(S'may be reduced by opera¬ 
tions on columns only to the form: 


d. 

0 

... 0 

0 . 

. 0 

— 

0 

d% 

... 0 

0 . 

. 0 

— Qt 

0 

0 

... dr 

0 . 

. 0 

— Qr 

0 

0 

... 0 

0 . 

. 0 

— Qa 


In order that (11) be solvable at all, we found that gj must 
be zero fm* values of ^ greater than r. This shows that the 
rank of is r. If in addition we require the solutions 
to be integers, qi must be divisible by di for i ^ r. Hence 
E* may be reduced to normal form by adding the ?th column 
to the last qi/di times. Hence its invariant factors must be 
the same as the tf,’s, i. e,, those of E, Conversely, if this 
condition is satisfied, each qt will be divisible by the corre¬ 
sponding and the solutions^ of (11) will be integers. 

Since E* was obtained from E by elementary transformations, 
it has the same rank and invariant factors as E, Hence we 
have proved the two theorems: 

A necessary and sufficient condition that the equations (11) 
have a set of integral solutions is that the augmented matrix E 
have the same rank and invariant factors as the matrix of 
the coefficients E, 

13. Since the solutions of (17) are given by (18), and since 
the solutions of (11) are: 
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(20) Xi ~ 2 Uyj = ^ 2 biyj (0< 

in which ^r+i, ^^+ 2 , • • •, y/j are arbitrary integers. 

If the equations were homogeneous, the pf’s would all be 
zero, and hence the g<’s would also be zero. Hence the 
solutions would be of the form: 

(21) Xi = ^ hiyj {0<i</i), 

in which yr+i, yr+ 2 , *, y/j are arbitrary integers. 

Consequently, for such equations we have the theorem: 

A set of linear homogeneotis equations whose coefficients are 
integers has a set of fi — r linearly independent solutions each 
of which is a set x>f relatively prime integers, if is the number 
of unknowns and r the rank of the matrix of the coefficients. 
All other solutions in integers are linearly dependent on these 
fi — r linearly independent solutions, the coefficients of the 
linear relations being integers. 

This result was to be expected, since if a set of linear 
homogeneous equations are solvable in rational numbers, they 
are solvable in integers. 

By comparing (20) and (21) we obtain the further result: 
If one set of integers satisfying equations (11) be given, the 
other solutions are obtained by adding to it the solutions of 
the homogeneous equations which result when the right members 
of (11) are replaced by zeros. 

The theorems of this paragraph were first given in com¬ 
plete form by H. J. S. Smith,* although he was anticipated 
to some extent by Heger.t 

Skew-Symmetric Matrices 
14. A skew-symmetric matrix is one in which 

(22) _ ej = — gj. _ 

* Smith, H. J. S., On Systems of Linear Indeterminate Equations and 
Congruences, Philos. Transactions, Vol. 151 (1861), pp. 293 f. Collected 
Works, XII, pp.867ff, 

t Heger, Ignaz, Mem. Vienna Academy, Vol. XIV (1868), second part, p. 111. 
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Let US define as the conjugate of a square matrix the matrix 
obtained from it by interchanf^ng rows and columns. It is 
easily verified that if a skew-symmetric matrix be pre-multiplied 
by any square matrix, and post-multiplied by the conjugate 
of this matrix, it will remain skew-symmetric. 

If A is the matrix defined in § 9 such that 

( 6 ) 

the matrix A -E, by §11, has as the H. C. F. of the 
elements of the first row. Since multiplication on the right 
corresponds to operations on columns only and leaves the 
H. C. F. of the elements of the first row unchanged, di is also 
the H.C.F. of thfe elements of the first row oi A‘E‘A! where 
A' denotes the conjugate of A. Since A^E-A' is skew- 
symmetric, di will also be the H. C. F. of the elements of its 
first column. 

We reduce A-E-A’ further as follows: If the second 
element of the first row does not divide all the remaining 
elements in that row, let be one which it does not divide. 
Subtract the second column from (or add it to) the ^th 
a number of times equal to the greatest integer in the quotient 
thus replacing by an element numerically less than 
Upon subtracting the yth column from (or adding it to) the 
second, we obtain an element in the first place of the second 
column smaller than the one there before. All these ope¬ 
rations leave the first column unchanged, Jind since the matrix 
was skew-symmetric, a similar set of operations on the rows 
reduces the matrix to a skew-symmetric matrix with the first 
element in the second column numerically smaller than before. 
By repeating these operations a sufficient number of times— 
at most |fjl times—this first element will be the highest 
common factor of the elements in the first row, and conse¬ 
quently of the elements of the matrix. But under certain 
circumstances the resulting first element will be negative. 
Ho,\^ever, by the method of § 9 we can still make it positive 
(and the first element of the second row then negative). 
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When this condition is reached, we combine the second column 
with the other columns such a number of times that all the 
elements in the first row after the second will be zero, and 
perform similar operations on the rows. Then we combine 
the first column with the other columns such a number of 
times that all the elements in the second row after the first 
will be zero, and perform similar operations on the rows. 
This will reduce our matrix to the form: 


0 


0 

0 . 

. 0 

di 

0 

0 

0 . 

♦ 0 

0 

0 

0 

< • 

•• ^ 

0 

0 

*5 

0 . 

■ 

0 

0 



• • 0 


The matrix obtained from by deleting its first two rows 
and columns is skew-symmetric, and by applying the above 
process to it, in a way wholly analogous to the way by 
which we extended our initial process of reduction in § 9, 
we may, Jby a finite number of operations, reduce our matrix 
to one, E — ||^/||, in which 

~ ^ 2*—1 ’ ^ 2 * ^ — ^ 2 i —1 

and the remaining elements are zero. That is, our matrix 
consists of a series of skew blocks of two non-zero elements 
each along the main diagonal, surrounded by zero elements. 
Here all the d^i-x will be positive, except possibly the last,, 
for which the method used above to make it positive will 
not work if the rank of E equals the number of its rows 
and columns. It is an interesting question whether the sign 
of efep-i is uniquely determined in this case. It is easily 
made positive if we do not restrict ourselves to symmetrical 
operations on rows and columns. 

Since in the above process we have always performed 
identical operations on rows and columns, we may write: 
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(24) 

where U and IT are conjugate matrices whose determinants 
are +1. 

Since interchanging the first and second, third and fourth, 
• •• (2jp —l)th and 2^th rows, and changing the signs of the 
even rows would reduce this matrix to the usual normal 
form E*, the diS appearing in E must be identical with 
those of i£^*, i. e., the invariant factors of E (except that 
the signs of the last two eZi’s may come out wrong). Hence, 
we have the result: 

The invariant factm's of a skew-symmetric matrix are equal 
in pairsy and the rank of such a matrix is an even number. 
A skew-^mmetric matrix may he reduced to the ^^skew'^ normal 
form. Ey by multiplying on the left by a unimodular matrix U 
and on the right by its conjugatCy U', 

Symmetric Matrices 

15. A symmetric matrix is one in which: 

(25) e\ = fj. 

Since a sj^mmetric matrix retains its symmetry when we 
perform any operations on its rows, provided we perform 
the same operations on its columns, the question naturally 
arises whether a process similar to that of the preceding 
paragraph exists which will enable us to reduce such matrices 
to their normal form by means of a matrix and its conjugate. 
This question must be answered in the negative*, as is proved 
by the following example. The matrix 

(26) E =- 

* On p. 189 of Scott and Mathews' Determinants the erroneous statement 
is that symmetric matrices with inte^al elements can always be 

reduced to normal form by identical operations on rows and columns. 


2 1 
1 2 ’ 
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can not be reduced to its nonnal form, 

(27) 

by a matrix 

(28) 

and its conjugate where a, by c and d are integers, since 
one of the conditions the elements of U would have to 
satisfy is: 

(29) 2a*+ 2(16 + 26* = 1. 

The reduction and classification of symmetric matrices by 
identical operations on rows and columns is thus a problem 
of a different order from those which have been considered 
in this paper. Equivalence under such operations involves 
much more than the equivalence of invariant factors. This 
classification is a problem of the arithmetic theory of 
quadratic forms.* 

Matrices with Elements Reduced, Modulo 7 

16. In many applications of matrices to Analysis Situs, it 
is found convenient to reduce the elements of the matrices 
modulo 2. On reducing modulo 2, the equation (6) becomes 

(30) AEB=E*, 

in which E can represent ati arbitrary matrix of a rows 
and fi columns whose elements are 0 and 1, A and B represent 
square matrices of deterainant unity (mod. 2) of a and fi 
rows respectively, and E’^ is a matrix all of whose elements 
are 0 except a sequence of elements along the main diagonal 
which are 1. This follows from the fact that if one of the 
invariant factors of E* is even, so are all the following 

* Ct Encyclop^die des Sciences Matbdmatiques, Tome I, vol. 3, p. 101. 


E^ 


U = 


1 

0 

0 

3 

a 

6 

c 

d 
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invariant factors since Jhey contain this one as a factor. 
The number of Ts in E* is the rank of E^. It is less than 
or equal to the rank of E*, and differs from it by the number 
of even invariant factors of E, 

Symmetric Matrices, Modulo 2 

17. The theory of symmetric matrices, mod. 2, is not subject 
to the difficulties referred to in § 15. The reduction of such 
a matrix to normal form may be effected as follows: First 
interchange rows (performing the same interchange of columns) 
until the main diagonal consists of a series of Ts followed 
by a series of O’s. This can be effected by elementary trans¬ 
formations according to § 4 because the negative of any 
element is the same as the element itself, modulo 2. Add 
the first row to every row whose first element is a 1, and 
the first column to the corresponding columns. Repeat this 
for the second row and column performing a new interchange 
of rows and columns, if necessary, and continue until there 
are no elements different from zero in the main diagonal 
after those used. 

The part of the matrix still to be normalized is now in 
the skew-symmetric form, since +1 — — 1 (mod. 2) and 
may be normalized by the process of § 14. Thus by identical 
operations on rows and columns we have reduced our matrix 
to the form E*" — l|f/|| in which: 

= l(0<e^l?); elXl-i = = l(0<i^g), 

and all the remaining elements of the matrix are zero. That 
is, the non-zero elements consist of a series of I’s in the 
main diagonal, followed by a series of skew blocks, each 
containing two I’s. If p == 0, this matrix can not be reduced 
further; but if 4^ 0, it may be reduced to a form containing 
one or two I’s in the main diagonal (according as p is odd 
or even) and a series of skew blocks, or to a form containing 
a scMes of I’s in the main diagonal and no skew blocks. 
This further reduction depends on the fact that a group of 
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three I’s in the main diagonal of a matrix in the above form 
may be replaced by a single 1 in the main diagonal and a 
skew block of two. 

The steps of the process in the case of a three-rowed 
square matrix are, first adding the first row and column to 
the second row and column respectively, then adding the 
third row and column to the first row and column respectively, 
and finally adding the second row and column to the third. 
The matrix becomes successively: 


1 

0 

0 1 

1 

1 

0 1 

0 

1 

1 

0 

1 

0 

0 

1 

0 |, 

1 

0 

Oj, 

1 

0 

0 , 

1 

0 

0 

0 

0 

11 

0 

0 

11 

1 

0 

1 

0 

0 

1 


These steps may be made in reverse order to effect the 
inverse transformation, and are obviously typical of the steps 
which can be applied to any matrix for which p>0. 
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of oriented fc-circuits, 114-115; of non-bounding sets of oriented 
k-circuits, 114-116; of sets of oriented fc-circuits each of which bounds 
or has a multiple that bounds, 114-115. 

Complex: zero-dimensional,2, (singular)5-6; one-dimensional,2,(generalized) 
2, (singular) 5-6, 30; two-dimensional, 36, (generalized) 37, (singular) 
55—56; n-dimensional, 76, (generalized) 77, (singular) 77; regular, 88. 

Congruence, 58, 84, 121. 

Connectivity numbers; jBo, 7; ifi, 50-52; invariance of i?i, 65; Ra, 81; 
duality of, 95; invariance of, 103. 

Correspondence A, 61, 98. 

Cover (one complex by another), 6, 56, 106-107. 

Covering manifold, 137, 152-154. 


191 



192 


INDEX. 


Carve: open, 3; closed, 4. 

Oyclomatic number, 9. 

Cylindrical surface, 48. 

Deformation, 132; homotopic, 133; isotopic, 133. 

Dehn, M., vii, 9, 133, 152; 154, 156, 157, 158. 

Determinant factor, 173. 

Diophantine equations, 180-183. 

Dual complexes, 92. 

Duality: of connectivities, 95; of Betti numbers, 130-131; of torsion 
coefficients, 130-131. 

Dyck, W., 9. 

Equivalence, 148, 153. 

Four-color problem, 43. 

Franklin, P., v, vii, 43, 171. 

Fundamental congruences and homologies, 85, 123. 

Generalized manifold, 95-96. 

Generating relations, 143, 145-147. 

Generators of a group, 142-143, 146. 

Genus, 50-51. 

Gieseking, H., 152. 

Group: fundamental, 139-140; of a linear graph, 141-143; of a two- 
dimensional complex, 143-145; commutative, 145-148; homology, 149. 
Hahn, L., 87. 

Heegaard, P., vii, 9, 133, 138, 156, 157. 

Heegaard diagram, 155-157. 

Heger, L, 183. 

Heine-Borel theorem, 5. 

Homeomorphism, 3, 37, 77. 

Homology, 59, 84, 121. 

Homotopy, 133, 138-139. 

Incidence, 4, 37, 77. 

Indicatrix, 136. 

Intersection number: of a fc-cell and an (n — fc)-cell, 160, 162; of a 
k-dimensional complex and an (n — k)-dimen8ional complex, 162-163; 
of the fundamental complexes, 166; of sets of Ic-circuits with sets of 
(n — fc)-circuit8, 167; modulo 2, 169. 

Invariant factor, 178. 

Isotopy, 133. 

Jordan, C., 157. 

Jordan theorem, 41, 58, 88. 

Eirchhoff, G., 9, 26. 

Knot problem, 158. 

K5nig,,i5t., 71, 111. 

Kronecker, L., 159. 

Lefschetz, S., v. 
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Lennes, N. J., 86. 

Linear graph, 2, 26, 141-143. 

Linkage, 167. 

Listing J. B., 9. 

Manifold: 0-dimensional, 13; two-dmensional, 47, (orientable) 50, 73; normal 
form for two-dimensional, 74; n-dimensional, 92, (generalized) 95-96; 
covering, 137, 152-154; three-dimensional, 154-157. 

Map, 42-43. 

Matrices of incidence, 11, 12, 37, 38; normal form for, 22, 82, 84. 

Matrices of orientation, 25-27, 68, 105; normal form for, 32-33, 113,117. 

Matrix, 170; product of two, 171; inverse of, 171; elementary transformation 
of, 171-173; reduction to normal form, 174-178; skew-symmetric, 
183-186; conjugate of, 184; symmetric, 186; with elements reduced 
mod. 2, 187, (symmetric) 188-189. 

Mttbius, A. F., 49, 71. 

Mobius strip, 49, 135. 

Morse, M., v. 


Neighborhood, 6, 47, 91. 

Nielsen, J., v, 135, 152, 157. 

One-sided, see Orientable. 

Orientable 2-circuit, 71; invariance of, 73. 

Orientable n-circuit, 109; invariance of, 110. 

Orientation; of a 0-cell, 23; of a 0-circnit, 24; of a 1-cell, 24; of a 
l-dimensional complex, 24; of a l-circuit, 25; of an n-cell, 104-105; 
of an w-dimensional complex, 105; of a singrularA-dimensional complex, 106 ; 
of a cell by association with a sense-class, 134; of a regular cell by 
the order of its vertices, 135. 

Oriented n-circuit, 109; singular, 110; bounding and non-bounding, 126. 

Pfeiffer, G. A., v. 

Poincar6, H., vi, vii. 2, 25, 117, 120, 122, 148, 154, 157, 159, 162. 

Poincari numbers, 151-152; invariance of, 151; are the one-dimensional 
coefficients of torsion, 151. 

Poincar6 space, 154, 158. 

Projective plane, 50-51, 153. 

Regular complex, 44, 88. 

Regular subdivision, 43, 89. 

Riemann space, 158. 

Riemann surface 137-138. 


Schoenflies theorem, 41, 58, 88, 155. 
Sense-class, 134-135. 

Similarly oriented, 135. 

Simplex, 1, 36, 76. 

Simply-connected map, 42. 

Singular point, 6, 56. 

Smith, H. J. S., 183. 
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Sphere, 48, 79. 

Star of cells, 88; simply-connected, 88. 

SteinitE, E., 71, 137. 

Sum: mod. 9, 10; mod. 2, of two complexes, 10, 50, 79; of two oriented 
complexes, 105, 107. 

Tait, P. G., 158. 

Tetrahedron, 3. 

Tietee, H., 71, 120, 135, 151. 

Torsion, see Coefficients of torsion. 

Torus, 48. 

Tree, 18, 47. 

Triangle, 43. 

Triangle star, 44. 

Universal covering surface, 153. 

Veblen, 0., 43, 50, 86. 

Vertex, 1, 36, 76. 

Weyl, H., 153. 
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